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Abstract 

We continue our study of one-loop integrals associated to BPS-saturated amplitudes in M = 
2 heterotic vacua. We compute their large-volume behaviour, and express them as Fourier se¬ 
ries in the complexified volume, with Fourier coefficients given in terms of Niebur-Poincare 
series in the complex structure modulus. The closure of Niebur-Poincare series under mod¬ 
ular derivatives implies that such integrals derive from holomorphic prepotentials f„, gen¬ 
eralising the familiar prepotential of AT = 2 supergravity. These holomorphic prepotentials 
transform anomalously under T-duality, in a way characteristic of Eichler integrals. We use 
this observation to compute their quantum monodromies under the duality group. We ex¬ 
tend the analysis to modular integrals with respect to Hecke congruence subgroups, which 
naturally arise in compactifications on non-factorisable tori and freely-acting orbifolds. In 
this case, we derive new explicit results including closed-form expressions for integrals in¬ 
volving the fo(N) Hauptmodul, a full characterisation of holomorphic prepotentials includ¬ 
ing their quantum monodromies, as well as concrete formulae for holomorphic Yukawa cou¬ 
plings. 
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1 Introduction 

The leading radiative corrections to scattering processes in closed string theories compacti- 
fied on a d-dimensional torus are computed by modular integrals of the form 

^ = j^d}i T d+k/d <P, ( 1 . 1 ) 

where T d+k,d is the partition function of the Narain lattice with signature (d + k, d), <P is 
an appropriate modular form of negative weight ( — 4,0) under the modular group T = 
SL(2;Z) of the worldsheet torus, and T is a fundamental domain for the action of T on the 
Poincare upper half plane H. In order to extract quantitative predictions from string theory, 
it is therefore essential to develop efficient tools to compute such modular integrals. 

In the traditional lattice unfolding method |l]-j3], one decomposes the lattice sum 
into orbits under the modular group, and reduces each orbit to a single term while unfolding 
the integration domain. Although the resulting expression is very useful in extracting the 
asymptotic expansion of X in the limit where the volume of the torus T li becomes large, it 
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depends on a choice of chamber in the Narain moduli space, and T-duality invariance is no 
longer manifest. 

In a series of recent works @0, we proposed a new method, which assumes that 0 
can be written as an absolutely convergent Poincare series under the modular group. Upon 
unfolding the integration domain against the sum over images, and evaluating the integral, 
the result is expressed as a sum over charges satisfying a BPS-type condition. This can be 
recognised as a particular type of Poincare series for the automorphism group O (d + k, d; Z) 
of the Narain lattice, which is thus manifestly invariant under T-duality. The analytic struc¬ 
ture of the integral near points of enhanced gauge symmetry is also manifest, while the large 
volume asymptotics is no longer apparent. In fact, the method can be applied even when 
the integrand does not include the Narain lattice, e.g. in ten-dimensional string vacua. 

If 0 is a generic non-holomorphic modular form, there is no general known way to rep¬ 
resent it as a Poincare series. For BPS-saturated amplitudes, however, the modular form 0 
turns out to be weakly almost holomorphic, i.e. a polynomial in the ring C [£ 2 / £ 4 , £(,/1 / A]. 
In that case, it can actually be decomposed as a linear combination of so-called Niebur- 
Poincare series kF(s, k,w;z) [j6j|8 |. These Poincare series, introduced in the mathematics lit¬ 
erature in @0- have the virtues of being eigenmodes of the Laplacian on H with a pole 
of ordeiQ k at the cusp z = 00 and of being closed under modular derivatives and Hecke 
operators. In addition, they reduce to harmonic Maass forms when s = 1 — or to modular 
derivatives thereof when s = 1 — j + n with n a positive integer. For suitable linear combi¬ 
nations, the non-analytic parts of T (s, ;c, w;z) (encoded in the 'shadow') cancel, producing 
the desired weakly almost holomorphic form 0. The integral ( |1.1| ) is thus reduced to a sum 
of integrals of the form 

1 {s,k) = J^d}ir d+k4 F{s,k, -k/ 2 ), ( 1 . 2 ) 

each of which can be computed by unfolding the fundamental domain against the Niebur- 
Poincare series [6|. 

In this work, we compute the large volume expansion of the modular integral 
thus providing an alternative way to extract the asymptotics of ( |1.1| ) within our unfolding 
method. The advantage of decomposing 0 into a sum of Niebur-Poincare series is that the 
integral ( |1.1| ) is then decomposed into a sum of terms which are separately eigenmodes of 
the Laplacian on the Narain moduli space 

G d+k/d = 0(d + k,d;Z)\S0(d + k,d)/S0(d + k) x SO (d) , (1.3) 

and which behave in a simple way under covariant derivatives with respect to the moduli. 

For simplicity, we restrict our attention to integrals involving lattices of signature (2,2), 
where the moduli space ( |1.3[ ) is parametrised by the standard variables (T = T\ + 1 T 2 , U = 

1 While the integrands appearing in heterotic string theory only have a first order pole at z = 00 , it is useful to 
allow poles of arbitrary order k > 1 as such poles typically occur in modular integrals for congruent subgroups, 
relevant for orbifold compactifications. Moreover, Niebur-Poincare series ^(SfKkw) with k! > 1 occur in the 
Fourier expansion of modular integrals of the form (1.2), even if jc = 1. 
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U\ + 1 U 2 ) E IH 7 x IH( /. They correspond to the Kahler modulus and complex structure of 
a two-torus, and are identified under separate actions of the modular group SL(2;Z) on T 
and U, and under the involution a : T ^ U. This case is relevant when the internal space 
includes a T 2 factor, e.g. in the context of heterotic strings compactified on T 2 (with 16 super¬ 
charges), on K3 x T 2 (with 8 supercharges), or on J\f = 1 orbifolds with J\f = 2 sub-sectors, 
upon restriction to backgrounds with trivial or discrete Wilson line^J We consider both the 
limit where the volume T 2 is scaled to infinity keeping the complex structure modulus U 
fixed, and the limit where both T 2 and Lb are scaled to infinity (in which case the asymptotic 
expansion depends on a choice of chamber, T 2 > Li 2 vs. T 2 < Lb). In the latter case, the result 
is expressed as an infinite sum of a special type of single-valued polylogarithms, known in 
the mathematics literature as Bloch-Wigner-Ramakrishnan polylogarithms [11 [, which coin¬ 
cide with the real part of the 'combined polylogarithms' introduced in [ 131. In the former 
case, T 2 —> 00 with Li fixed, we show that the Fourier coefficients of the integral X(s,k ) with 
respect to T\ are given by the same Niebur-Poincare series F (s, k, 0) present in the integrand, 
now as functions of the Li modulus. This is a manifestation of a phenomenon first observed 
in fl4| which, as we shall see, can be traced to the average value property of eigenmodes of 
the Laplacian on the Poincare upper half-plane. An important consequence of this observa¬ 
tion is that, using the closure of Niebur-Poincare series under modular derivatives, one may 
express the integral ( |1.2[ ) as an iterated derivative of a 'harmonic prepotential' h„ |T3j 


Z(n + 1, k) = 4 Re 


- {-D t DuT 

n\ 


hn(T,U) 


24<7i(/c) S„fl log T 2 Li 2 . 


(1.4) 


The prepotential h n is by construction harmonic in (T, U) and transforms covariantly under 
SL (2; Z) j x SL (2; Z) u, while the last term originates from the infrared divergence of the inte¬ 
gral when n = 0. Crucially, it is also possible to construct a holomorphic prepotential /„(T, U) 
which satisfies the same relation ( |1.4[ ). This holomorphic prepotential is well-defined up to 
the addition of polynomials of degree 2 n in T and U with real coefficients, which lie in the 
kernel of the operator Re(DTDu) n . As a result, it need not transform homogeneously under 
T-duality, but may pick up an additional degree 2 n polynomial. This type of anomalous 
behaviour under modular transformations is characteristic of Eichler integrals. Indeed, we 
trace the modular anomaly of f n ( T,U ) to the presence of a term proportional to the Eichler 
integral of the holomorphic Eisenstein series E 2 n +2 in the Fourier expansion. We use this fact 
to fully characterise the T-duality transformations of the generalised prepotential f n . 

From a physics viewpoint, the prepotentials /„ for n > 1 can be viewed as generali¬ 
sations of the usual holomorphic prepotential F that governs J\f = 2 supergravity in four 
dimensions - or more accurately, of the one-loop contribution to it [|4 15-17J. In fact, it 
was already recognised in [[I5j that the quadratic terms appearing in the behaviour of the 
one-loop prepotential f\ under monodromies around singularities in moduli space can be 
obtained from contour integrals of suitable modular forms, which are Eichler integrals in 
essence. Our results enable us to recover the monodromy matrices computed in [151 in a 
streamlined fashion, and to extend the analysis to n > 1. The case 11 = 2 was studied in the 


2 We defer the analysis of asymmetric lattices with non-trivial Wilson lines to a forthcoming publication. 
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context of F 4 couplings in heterotic strings compactified on T 2 [18.191, where a relation of 
the generalised prepotentials f n to periods on symmetric products of n K3's was suggested. 
However, the analogue of special geometry for n > 1 is not understood at present. As a step 
in this direction, we construct a class of 'generalised Yukawa couplings', obtained from f n by 
iterated derivatives with respect to the T and U moduli, which compute modular integrals 
with insertions of momenta and are free of modular anomalies. 

From a mathematics viewpoint, the prepotentials f n can also be viewed as interesting 
generalisations of Borcherds automorphic products |20| - or rather, logarithms thereof. In¬ 
deed, in the special case where T{1 + n, 1, —2 n) is a weakly holomorphic modular form, /„ 
can be written schematically as a polylogarithm sum 


MT,U) = Wl E Fn(NM)U 2 n+ i(q¥q%)+P 2 n(T,U ), 

Z N,M 


(1.5) 


where F n (M) are the Fourier coefficients of J~{'\ + n, 1, —In) and P 2 n is the polynomial am¬ 
biguity mentioned above. For n = 0, Lii(z) = — log(l — z), so /o is recognised as the 
logarithm of a Borcherds automorphic product. For n > 0, f n is no longer the logarithm of a 
product, but it provides an interesting example of an holomorphic 'Mock' modular form on 
(H T x H (j) / u with known singular behaviour at all divisors. 

Returning to physics, the integrals ED do not exhaust the class of one-loop amplitudes 
of interest in string theory. In fact, in compactifications on non-factorisable tori [2lj22]| or on 
freely-acting orbifolds [23]- 27j the integrand is typically expressed as a sum of various sec¬ 


tors ( h,g ) involving shifted Narain lattices 1^2 [*} coupled to modular forms €>[ ]. Although 

o o 

the full integrand is, by construction, invariant under the full modular group SL(2;Z), each 
term is only invariant under a suitable congruence subgroup. These setups have not been 
extensively analysed so far in the literature and call for a systematic investigation. Upon 
partial unfolding 0, one may compute the integral by focusing on a single sector now inte¬ 
grated over the fundamental domain of the congruence subgroup. In the case of freely-acting 
Zn orbifolds of J\f = 2 compactifications, the relevant subgroup is the Hecke congruence 
subgroup Fo(N). In parallel with the SL(2;Z) case, one may decompose 0[^] as a linear 
combination of the Fo(N) Niebur-Poincare series J r n ( 1 + n, k, 0) attached to the cusp a 0. 
One may then evaluate the modular integral by unfolding the fundamental domain J of 
To(N) against the Poincare series. This procedure was suggested in 0 and applied to the 
study of radiative corrections to gauge couplings in classically stable non-supersymmetric 


heterotic vacua in [26[. The result is a representation of the modular integral as a Poincare 
series under the T-duality group, in general a congruence subgroup of 0(2,2;Z). 

In this work, we continue this analysis and extract the large-volume expansion of one- 
loop modular integrals for Fo(N) with N prime. We obtain expressions which extend the 
results for SL(2;Z) and are nicely covariant with respect to the choice of cusp a. The ad¬ 
vantage of our approach, based on the special properties of ~F a (l + n, k, 0), is that we obtain 
a T-Fourier series expansion with U-dependent coefficients which are manifestly invariant 
under Fo(N)u, and which actually are given in terms of the same class of Niebur-Poincare 
series. This property is instrumental in allowing us to derive new explicit results. Namely, in 
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the n = 0 case we re-sum the integral in terms of the Jo (hi) Hauptmodul by generalising the 
celebrated SL(2; Z) Borcherds' product formula to the case of Hecke congruence subgroups. 
For n > 1 we identify generalised holomorphic prepotentials and fully characterise their 
transformation properties under T-duality. Finally, we express the generalised holomorphic 
Yukawa couplings in terms of the standard generators of the ring of Fb(N) modular forms. 

The paper is organised as follows: in Section[2j after recalling basic properties of Niebur- 
Poincare and Eisenstein series, we compute the large volume asymptotics of the modular 
integral ( |1.2[ ) or, equivalently, the Fourier expansion with respect to T\, starting from its 
T-duality invariant representation. We express the results in terms of single-valued poly¬ 
logarithms, and make contact with the literature. In Section [3] we integrate this result in 
terms of generalised harmonic and holomorphic prepotentials, explain their relation to Eich- 
ler integrals, and determine their anomalous transformation properties under T-duality. We 
construct generalised Yukawa couplings by taking suitable modular derivatives of the gen¬ 
eralised prepotentials, and connect them to modular integrals with lattice-momentum inser¬ 
tions. Section [4] extends the previous analysis to modular integrals involving shifted Narain 
lattices. We obtain new explicit results including 'cusp-covariant' Fourier series expansions, 
closed expressions for special classes of integrals involving the Tb(N) Hauptmodul, a full 
characterisation of the generalised holomorphic prepotentials, as well as concrete formulae 
for the generalised holomorphic Yukawa couplings. Appendix A collects our conventions 
for the Kloosterman sums and zeta functions, and Appendix B provides a detailed deriva¬ 
tion of the modular properties of the relevant Eichler integrals. 


2 Modular integrals for SL(2; Z) 

In this section, we shall focus on modular integrals ( |1.1| involving the product of a signature 
(2,2) Narain lattice 1^2 times a weakly almost holomorphic modular functions <£>(r). As 
anticipated, the latter can be uniquely decomposed in terms of Niebur-Poincare series of 
zero weight [6,8|. Thus, we begin by collecting some useful properties of Eisenstein and 
Niebur-Poincare series which are instrumental for the subsequent analysis. 


2.1 Niebur-Poincare series for SL(2; Z) 
The Niebur-Poincare series (8]- lO0 


Z(s ,k,w;z) =\ Yj ■ M s,w(~Ky)e 2niKX \ w j 

76 N\r 


_i 

~2 


Y (cz + d) w M s ,w 
M)=i 


K V \ 

cz + d\ 2 ) 


exp 


—2i7DC 



cx + d \ ) 
c|cz + d\ 2 ) j 

( 2 . 1 ) 


3 We shall henceforth omit the explicit dependence of the Niebur-Poincare series on the modular parameter z 
whenever it is clear from the context. 
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defines a one-parameter family of modular forms of non-positive weight zv and order k pole 
in the nome q = e 2mz at the cusp z = x + iy = oo. Its seed is expressed in terms of the 
Whittaker M-function 


M- S ,w(t) — |47rf| 2 M» sgn j f ^_i (47r|f|) , (2.2) 

whose behaviour at t —» 0 guarantees absolute convergence when Re (s) > 1. The Poincare 
series can be shown to admit a meromorphic continuation to the complex s plane. Moreover, 
in the domain of analyticity, T (s, k, zv) is an eigenmode of the weight-7# hyperbolic Laplacian 


[A z + |s(l - s) + g zv(zv + 2)] J r (s,K,zv) = 0, (2.3) 

where 

A z = 2D Z D Z , with D z = -iny 2 d z , D z = ^ . (2.4) 

Its Fourier expansion reads 

2F(s,k,zv) = M s ,w(-Ky) e~ 2l7TKX + Fm{s,K,w;y)e 2inmx , (2.5) 

mez 


where, in the mode with frequency m = — k, we have separated the contribution of the seed. 
Explicitly, 


1 — S~ 


F 0 (s,K,w;y) = fo (s, k, zv) y 
f m (s, k, zv; y) = f m (s, k, zv) W S/W (my ), 


with 


2 2 w i W 7T 1+S 2 |x| s 2 r(2s — 1) C7i_2s(k) 
r(s-f)r(s + f)a2s) 

Z(m, —k; s) . 


|k|T(2s) 

m 

sgn(m)) 

K 


f 0 (s,K,Zv) = 
fm(s,K,ZV ) = 

In these expressions, W Sr zu(t) is related to the Whittaker W-function 

W s ,w(t) = |47Tf| 2 k^| sgn ( t ) ;S _i (47r|f|) , 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


i Tp(n) is the divisor function, while Z(a,b;s) is the associated Kloosterman-Selberg zeta func¬ 
tion defined in (A.4|. 

Niebur-Poincare series are closed under the action of the modular derivatives. 


D z J~ (s, k,zv) = 2k(s + f ) 2F(s, k,zv + 2), 
D z F(s,k,zv) = ^(s- f) T(s,k,zv-2), 


(2.9) 
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( 2 . 10 ) 


and of the Hecke operator^] 

J~ (s, k, w) = ^ T{s, 1 , w). 


For the special values s = f and s = 1 — j, within the domain of analyticity, T(s , k, w) 
becomes a harmonic Maafi form. For negative weight, the case of interest for most appli¬ 
cations to string theory [6|, the Niebur-Poincare series is absolutely convergent at the latter 
value s = 1 — j. Moreover, since the first cusp form for SL(2;Z) appears at weight twelve, 
for w E {0,—2,—4,— 6 ,— 8 ,—12} the shadow of 7F(1 — f,K, w) vanishes and the Niebur- 
Poincare series is actually holomorphic, hence valued in the polynomial ring generated by 
£ 4 , E(, and A -1 , where £ 2 ,; are the holomorphic Eisenstein series and A is the modular dis¬ 
criminant. Other Niebur-Poincare series of interest are J r ( 1 — j + n,K, zv), with n a positive 
integer, which can be reached from the harmonic Maafi form J~{\ — j + n, k,w — 2n) by 
acting with n modular derivatives. In fact, one can prove | 6 ]-[ 8 j that any weak almost holo¬ 
morphic modular form of negative weight in the polynomial ring generated by E 2 , E 4 , Ef, and 
A- 1 , with E 2 being the almost holomorphic Eisenstein series of weight two, can be uniquely 
decomposed into a linear combination of Niebur-Poincare series, 

0{z) = E E &i{m)T (1 - f + £,m,w) . (2.11) 

0 <m<K 1=0 


The coefficients dg(m) are determined by the principal part of the ^-Laurent expansion of 0 
itself Q. The integer n counts the maximal power of E 2 in the ring decomposition of 0, and 
is known as the depth. An important fact is that for each value of i, the shadows cancel in 
the linear combination ( 2 . 11 | . 

It will also be useful to introduce the non-holomorphic weight-zc Eisenstein series 


E{s,w,z) = \ Yj V s 
jer^\r 


= 1 E 


•i 


( 2 . 12 ) 


{ c4)= 1 ( cz + d) w \cz + d\ 


2s—w 


which is absolutely convergent for Re (s) > 1, and admits the Fourier series expansion 

, , , * 4 1-s i~ w nr{ls — l)£(2s — 1) , , » 

E( S .u,z) + r(s + f) } ( ,_ff a2s) G 1 


+ E 


i w { / kn\m\)™7i s 
%r{s + fsgn(m))£( 2 s) 


(2.13) 


\m\ s a 2s -i(\m\)yV s , w (my)e 


2/ nmx 


4 The Hecke operator acts on the Fourier inodes of a weight-ie modular form <t> = <P(m,y) e 2tmnx as 

H [z) <t>(m,y) = n l - w JL ®(nm/d 2 ,d 2 y/n). 

d | ( m,n ) 


It satisfies the commutative algebra HH^ ^ d 1 10 


K\/d 2 ' 
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The Eisenstein series E(s, w) can be obtained formally as the limit k —> 0 of |47Tk| t _s J~ (s, k, zv), 
and thus shares several of the properties of the Niebur-Poincare series. Namely, it is an 
eigenmode of the weigh t-zc hyperbolic Laplacian 

[A w + |s(l -s) + lw(w + 2)] E(s,w;z) = 0, (2.14) 

is closed under the action of the modular derivatives 

D z E{s,w-,z ) = (s + f) E(s,w + 2;z), 

2^ (2.15) 

D z E(s,w;z) = f) E(s,zv — 2;z), 

and becomes harmonic in z when s = yors = l — ih For w > 2, E( j, zv) coincides with the 
holomorphic Eisenstein series E w . 


2.2 Evaluation of the modular integral 

We can now proceed to the study of the integral 0. Since any weak almost holomorphic 
modular form 0 can be decomposed as in ( |2.11| it is sufficient to focus our attention on the 
basic regularised modular integral 


X(s,k;T,U) =R.N. 


d}i E 2 ,i{T, U; t) 1 7 (s, k, 0; r), 


(2.16) 


where E 2 /2 {T, U;t) is the partition function of the even self-dual lattice of signature (2,2), 
and R.N. stands for the modular invariant renormalisation prescription of |5j|6}|28j for treat¬ 
ing the infra-red divergences arising at the cusp. For s = 1, the integral ( |2.16| develops a 
simple pole, which must be subtracted |6|8j. By abuse of notation we denote by 1(1, k ; T, U ) 
the result of this subtraction. The partition function 

r 2/ 2(T,li;r) = t 2 £ qhnPjjlM 2 f (2.17) 


which we refer to as the Narain lattice, is a sum over integers trij and n’ identified with the 
Kaluza-Klein momentum and winding numbers along a two-dimensional torus. The left- 
moving and right-moving momenta on the two-dimensional lattice 


V R 
Pl 


m 2 — U mi + Tn 1 + TU n 2 


Vt 2 u 2 

m 2 — U nil + Tn 1 + TU n 2 


Vt 2 u 2 


(2.18) 


depend on the Kahler modulus T = Ti + iT 2 and the complex structure modulus U = L/| + 
iU 2 of the two-torus. T 2/2 (T, U; r) is modular invariant under SL(2; Z), which requires the 
modular weight of the Niebur-Poincare series in ( 2.16| l to vanish. 

Eq. (2.17\ corresponds to the so-called Hamiltonian representation of the Narain lat- 
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tice, and exhibits manifest invariance under the duality group 0(2,2;Z) ~ SL(2;Z )j x 
SL(2;Z)u x o~t,u> where the Z 2 generator aj r u exchanges the T and U moduli. A Poisson 
summation over the momenta nij yields the so-called Lagrangian representation 


r 2 , 2 (T, u ; r ) = t 2 e ~ 2niT det(A) ex P 

A. (E Ma.t2 x 2 (^) 


7rT 2 

T 2 li 2 



(2.19) 


which now exhibits manifest invariance under SL(2;Z) T x SL(2; Z)[/ x cr T/ jj. As a conse¬ 
quence, T 2/2 (T,lf;r) is invariant under the action of SL(2;Z) T x SL(2;Z)t x SL(2;Zju x 
cr T ,T,u, where <t t , T ,u permutes the r, T and U moduli. This triality results in the identities 

At r 2r 2 = A u r 2 ,2 = A T r 2r2 , f4 T) r 2 , 2 = H, ( ! T) r 2/2 = H, ( 3 u) r 2/2 , ( 2 . 20 ) 


where A z is the weight-zero hyperbolic Laplacian in the variable z. Together with the dif¬ 
ferential equation ( |2.3| , the first equation in ( |2.20| implies that the modular integral ( |2.16| 
satisfy 

[At + |s(1 — s)] 1(s,k) = [A u + |s(l -s)] 1{s,k) = 12cti(k) 5 Si1 , (2.21) 


where the source term is due to the subtraction of the simple pole in the integral ( |2.16[ > at 
s = 1. 


Moreover, it suffices to consider the integral Z(s) = T(s, 1) since eqs. ( 2.10) , ( |2.20) to¬ 
gether with the self-adjointness of the Hecke operator allows one to express the integral 
\2.16) for general positive integer ;c as 


1{s,k) = Hl T) l{s) = H { K U) l{s). 


( 2 . 22 ) 


2.2.1 The BPS state sum representation 


A novel procedure for evaluating the integral ( 2.16) has been discussed in [ 61. It amounts 
to unfolding the SL(2;Z) fundamental domain T against the absolutely convergent Niebur- 
Poincare series. One thus arrives at the Schwinger-like representation 


X ( S ) = E Z 00 — -^T s ,o(-t- 2 ) e-^C| PL | 2 -HPRl 2 ), (2.23) 

BPS "W Tl 

where I]gps denotes a sum over integers nij, n‘ subject to the 'BPS constraint]^] 

min 1 + m 2 n 2 = 1 . (2.24) 

5 BPS states exist for any charges such that min 1 + m 2 n 2 < 1, so (2.24[ i picks only a subset of the allowed BPS 
states associated to the (/-pole, which corresponds to the ground state of the non-supersymmetric side of the 
heterotic string. 


9 

























Performing the T 2 -integral then yields [ 6 | 


As) = As ) E 

BPS 


IPlI 2 \- - / - 4 


2-Pi ( S/ S/ , 


IplI 2 


(2.25) 


The sum is absolutely convergent for Re (s) > 1 and can be analytically continued to a mero- 
morphic function on the complex s plane with a simple pole at s = 1 |6.|8). The renormali¬ 
sation prescription implies that this pole should be subtracted in defining the value of ( 2.25| 
at s = 1. Note that the hypergeometric function reduces to simple elementary functions for 
integral positive values of s | 6 |. 

Actually, eq. ( |2.25| provides an explicit Poincare series representation of the automorphic 
function T 2i2 (s, 1) of 0(2,2; Z). To illustrate this point, we note that the BPS constraint ( |2.24| 
allows one to write 


IplI 2 = 


|f - Lt| 2 

T 2 U 2 


with T = 7 r ■ T , U = ju ■ U , 


(2.26) 


where 77 and 7 u are both SL(2;Z) matrices. One may thus express the integral 


As) = E 

76Tu ag \(r r xr u ) 


\T-U\ 

t 2 u 2 


7- 


(2.27) 


as the 0(2,2; Z) Poincare series, with seed 

f(z) =T(s) (!) 2 Fi fs,s;2s;^ , (2.28) 

invariant under the diagonal subgroup /di ag of Tr x T(j- It is straightforward to see that the 
action of the Hecke operator H K Z(s, 1) =T(s,k) amountstorescaling \pl\ 2 —> \pl\ 2 /k and 
modifying the BPS constraint to m\n l + m 2 n 2 = k. 

The BPS-state-sum representation of the modular integral is thus manifestly invariant 
under the action of the duality group and is valid throughout the Narain moduli space. In 
particular, it makes manifest the singularities of the integral ( |2.16| in the vicinity of points of 
symmetry enhancement where |pr | 2 —> 0 for some choice of the integers m„ n‘ jtij. If, how¬ 
ever, one is interested in the asymptotic behaviour of ( |2.16[ ) at the boundary of the moduli 
space, one should instead resort to a Fourier-series representation of the integral. This is best 
accomplished at the level of the Schwinger-like integral (|2.23| as we now show. 


2.2.2 The Fourier series representation 


The BPS constraint (2.241 admits an infinite number of solutions which are in one-to-one cor¬ 
respondence with elements of SL(2;Z). For any given co-prime pair (n 1 , n 2 ) the Euclidean 
algorithm provides a pair of co-prime integers {vt\, mi,) solving (|2.24[>. The most general 
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solution can thus be obtained as 


ni\ = + Mh 2 , m 2 = ?» 2 ~ Mn 1 , 


(2.29) 


for any MeZ. Plugging this solution in ( |2.23| and Poisson summing over M, provides the 
desired Fourier expansion of the integral. 


i(s) = £ E v T2 Q2 e 2inM[Ti - Ul) 

McZ (n 1 ,n 2 )=1 

dT2 


l -3^-^ s ,o(-T 2 )exp 


T 2 Q 2 \ nM 2 T 2 U 2 


(2.30) 


where 


U = Ui + iU 2 = 1 —f = 7 • U , with 7 = . 

n 2 ll + n 1 \ n n 


mj — 


GSL(2;Z). (2.31) 


The integral in (2.30| can be readily evaluated for any T 2 and ti 2 , using the explicit expression 


M Si o(t) = 2 2s_1 T(s + |) ( 47 i|f |)2 l s _i (27r|f|), (2.32) 

and eq. (16) of Section 8.6 in [12^j and reads 

l{s) = Z (0) (s) + Z (+) (s) + X (_) (s), (2.33) 


with the zero-frequency mode given by 

X(°)(s) = 2 4s ~ 2 v / 47 rT(s - §) £ (T 2 li 2 ) s (T 2 + U 2 + |T 2 - Q 2 |) 1_2s , (2.34) 

?eF»\r 


the positive-frequency modes given by 


X (+ )(s) 


p 2inM(Ti — Ui) 

E E -- 

M>o 7 er 00 \r ^ (2.35) 

x A4 S/0 (i M [T 2 + U 2 -\T 2 - U 2 \]) W S/0 (i M [T 2 + Q 2 + |T 2 - U 2 \\) , 


and the negative-frequency modes simply obtained via complex conjugation, 21 ~)(s) = 
[Z* + )(s*)]*. Notice that we have recognised the sum over the co-prime integers (n l , n 2 ) as 
the sum over cosets /T,\ f where T = Fu- 

6 We reproduce this formula for convenience: 

J Q ye“2 _/i 'i v (?f) =2K V (\jp+\/p 2 -J 2 j h \/ ft 2 ~ Fj (£>?>0). 
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Actually, the Fourier series expansion has different coefficients in the chambers T 2 > Lb 
and T 2 < U 2 - Without loss of generality we can always assume that both T and Li lie in the 
fundamental domain J~. Then, whenever Li satisfies Li 2 < T 2 , so do all its images U = 7 Li, 
for any 7 E On the contrary, when T 2 > 1 all points Li with U 2 > T 2 are mapped to 

points U with U 2 < T 2 , except when 7 is in the coset of the identity If T 2 < 1, then both Li 
and U = — 1/Li may satisfy the inequality U 2 > T 2 . 

As a result, the Fourier coefficients for I{s) read 


l (0 \s) = 2 2s V 47 tT(s 


T\- s E(s, 0; Li) + 1 ^ ©(^2 - r 2 ) (T| Li]- 6 - T\~ s U s 2 ) , 

7=1,S V 7 _ 

(2.36) 


and 


X«(s )=2 £ 


„2inMT 1 


X 


M>0 ^ 

e 2!7TM(Tl-Ul) 


W s , 0 (Mi 2 ) J-(s,M,0;Li)+ X] ©(&2 - T 2 ) 


7=1,S 


M 


(M S/0 (MT 2 ) W s , 0 {MU 2 ) - W s ,o (MT 2 ) Ms, q {MU 2 )) 


(2.37) 


where 0 (jc) is the Heaviside function. Note that, upon Fourier expanding the Niebur- 
Poincare series, the expressions in the two chambers are related by T gg Li exchange. Indeed, 
one could have obtained the very same results by alternatively solving the BPS constraint in 
terms of pairs of co-prime momenta (mi, m 2 ), which would result in a Fourier expansion 
with respect to Li, convergent in the chamber Li 2 > T 2 , with coefficients manifestly invariant 
under SL(2 ;Z)t\ 

For convenience, we shall henceforth focus our attention to the fundamental chamber 


T 2 > U 2 , where the Heaviside function in (2.361 and (2.371 vanishes, and the above expres¬ 
sions simplify to 


X ( 0 ) (s) = 2 2s V47tT( s — |) T 2 ~ s E(s,0; Li), 

plinMTi 

X (+) (s)=2 £ — W s , 0 (MT 2 ) .F(s,M,0;Li). 


(2.38) 


M>0 


M 


Remarkably, using ( 2.10| >, the coefficient of the M th Fourier mode can be seen to involve 
the Hecke transform of the same function XF(s, 1,0) as the one appearing in the integrand 


of \2.16) , except that the former depends on Li while the latter depends on r. This is a 
manifestation of a fact first noticed in (14|, whose rationale will be explained in Section 2.2.3 


While the most relevant case for heterotic string theory is jc = 1, on which we have 
concentrated so far, the results above may be extended to higher values of k by acting with 
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the Hecke operator. Specifically, one obtains 


1 (0) (s,k) = 2 2s ^/47r^(s - \) (KT 2) 1 V 2s _i(k) E(s,0;U), 

p 2mdMTi / xAA 

1 {+ \s,k)=2Y j E A/r yVsjo(dMT 2 )T(s t - rt O;U 

d\K M>0 M \ a . 


(2.39) 


2.2.3 Unfolding against the Narain lattice 

An alternative approach for obtaining the Fourier series representation of the modular in¬ 
tegral, commonly used in the past string theory literature, is to unfold the fundamental 
domain against the Narain lattice 00 - rather than against the Niebur-Poincare series. To 
this end, one resorts to the Lagrangian representation of the (2,2) lattice and decomposes 
the sum of winding numbers A into orbits of the SL(2;Z) T action. The vanishing orbit con¬ 
tribution, corresponding to the trivial matrix A = 0, is absent in this case since the average 
of any Niebur-Poincare series over the fundamental domain vanishes. The degenerate or¬ 
bits, corresponding to non-vanishing matrices A with det A = 0, precisely reproduce I 1 ' 0 ' 1 in 
( 2.38[ ). The non-degenerate orbits, associated to the set of matrices 


A = 



0 <j<k, p 0, 


(2.40) 


can all be reconstructed from the contribution of the unit matrix A = t, via the action of the 
Hecke operator H det ^ on the complex structure U. In fact, one can write 

X non -deg(s)=4T 2 Re E e 2inMT H^ [ dpe^ lU ~ rf F(s, 1,0; r), (2.41) 

M>0 Jc + 


and upon evaluating the integral over the upper-complex plane one reproduces the non¬ 
vanishing frequency contributions to the Fourier expansion ( |2.38 l. 

In the framework of the old unfolding method, the fact that the Fourier coefficients in 
(|2.38|) involve the Hecke transform of the same function T (s, 1,0) appearing in the inte¬ 


grand is a consequence of Fay's theorem [291, which states that any eigenfunction G(z) of the 
hyperbolic Laplacian with eigenvalue s(l — s), not necessarily automorphic, has the mean 
value property 


m(p;s 


[ dpp(r)G(z) = G(z 0 ) ■ 
■' c+ 


(2.42) 


Here r is the geodesic distance between the points z and zq, and p(r) is an arbitrary 'measure' 
on the complex upper plane C + that depends on r but not on the polar angle between z and 
zo, and the weight factor m(p; s ) is given by 

pCO 

m(p-,s)=2n P s (coshr) p(r) sinhrdr, (2.43) 

Jo 
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with P s (f) the Legendre function. The integral in ( 2.41 1 is seen to be a special case of ( 2.42| 
with z = t,Zq = U and 


p(r) = e _ ^Tl T ~ U l 2 = g-47rMT 2 sinh 2 J _ 

The integral ( |2.43| can be computed with the help of 7.141.5 in |30| , 

p—2nMT 2 

m (P',s) = MT ^ W S/0 (MT 2 ), 

which thus yields the result (2.38|l. 


(2.44) 


(2.45) 


2.3 The special cases of integral s 

Let us now focus on the cases s = 1 + n, with n a non-negative integer. For low enough 
values of n the Niebur-Poincare series T(\ + n, 1,0) reduce to weak almost holomorphic 
modular forms, and their modular integral ( |2.16| admits alternative representations. The 
case s = 1 is special in that ^(l, 1,0) = j(z) + 24 is holomorphkj^j and Z(l) is related 
to Borcherds' automorphic products. For n large the Niebur-Poincare series are genuinely 
non-holomorphic. However, as discussed in Section 2.1 the linear combinations ( 2.11| still 
reduce to weak almost holomorphic modular forms, and are thus amenable to the same type 
of treatment. 


2.3.1 The case s = 1 


As already noted, for s = 1 the integral has a pole which must be subtracted |6]8|. This 

pole originates from the non-holomorphic Eisenstein series E(s,0;U) appearing in ( 2.38| . 
Using the first Kronecker limit formula one thus obtains 


X (0) (l) = -24 log (t 2 U 2 |J7(lf)| 4 ) + const. 


(2.46) 


where the additive constant is computable with the renormalisation scheme of |5 281, but 
inconsequential for our purposes. 

The positive frequency modes are regular at s = 1 and, using = e 27T \ l \, they 

simplify to 


n M 

X(+) ( 1 )= 2 E ^(1,M,0;U) 


M>0 


M' 


(2.47) 


= 2 E AL [^(l,M,0;ll)-;o(l,M,0;U)] -48 log (q~ 

M >0 M 


-1/24 


where we have introduced the nome t]j associated to the Kahler modulus T, and To ( 1, M, 0) = 
24 Ui (M) is the constant zero-mode of Niebur-Poincare series, see 


7 Our convention for the Klein /-function does not involve a constant term in its Fourier expansion. 
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Using holomorphy and modularity in the T and U variables, together with the behaviour 
,F(1,M,0) — Jq( 1,M,0) ~ q(j M at the cusp oo, one may show 


a M 

E ^[J(l,M ; 0;U)-7 0 (l,M,0;li)] =-log q T (j(T) - j(U)) , 

M >0 m 


(2.48) 


which is simply a reformulation of the Borcherds' product formula [201 

i c(NM ) 

[ 1 — VT Qu, 

M> 0,NeZ 


Vt 1 n ( 1 ~ c ]t c 1 u) { } =K T )-j(U), 


(2.49) 


where c(M) are the Fourier coefficients of the Klein /-function. 
Putting things together, the modular integral reads 


1(1) = -24 log(T 2 U 2 | rj(T) rj(U )| 4 ) - log | j(T) - ;(U)| 4 + const. 


(2.50) 


The first term on the r.h.s. originates from the constant in the decomposition T(\, 1,0) = 
j(z) + 24 and is the celebrated result of [3|, whereas the second term originates from the 
Klein function and can be uniquely determined by harmonicity, automorphy and by the 
singularities of the modular integral PFt These originate from additional massless states 
appearing at the special points T = U and their SL(2;Z) images. Similar automorphic 
products arise for k > 1, and can be obtained by acting with the Hecke operators H t( in 
either T or U variables, but have more complicated singular divisors. 


2.3.2 The case s = 1 + n with n > 0 

For integer s = 1 + n > 1 the Niebur-Poincare series J r (1 + n, 1,0) becomes weakly almost 
holomorphic. Using the fact 

W 1+ „ /0 (t) = (-1 ) n n! (An\t\)- n (An\t\), (2.51) 

(a) 

with L n being the associated Laguerre polynomials, we can express the integral in terms of 
the 'combined polylogarithms' introduced in [131 

To this end, notice that the non-holomorphic Eisenstein series may be expressed as 


E(1 + h,0;z) = y 1+n + 


T(7i + \) gin+ 1) 

n\ £(2n + 2) 


y~ n +2 Re 


7T 1+f! y 


«!f(2n + 2) n E L W (N2 ) 


(2.53) 


so that 1 0 ' can be easily written in terms of the single-valued polylogarithms. As for the 
non-vanishing modes, we recall the Fourier series expansion of the Niebur-Poincare series 
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at the special value s = 1 + n, 


F(1 + n, 1,0) = £ F n (N) (Any)-" Ln 2n) (A tzNxj) q N , 

N>—1 


where 


(2.54) 


F„(-l) =F(2n+2), 

(ln) 2+ln (-1)" 


Fn( 0) = 


£(2h + 2) 


(2.55) 


F„(N > 0) = 4/r(-l) n F(2n + 2) 


£(N,-l;l + n) 
N n 


as can be derived fromeq. \2.7) and Appendix A. Using (Z7I, one may check that the F n (N)'s 
are in fact the Fourier coefficients of 7F(1 + n, 1, —2n) — Ln>-i Fn{N)q N . 

Using the following expression for the product of two associated Laguerre polynomials 


n k 


(h!) 2 L<- 1 - 2 ">( U )L<- 1 - 2 ">( 1 .) = £ £ (2.56) 


one finds 


j(+) = 


2 (~ 1 )’ 
n! 


(n + jfc)! (MN) n 


L ^ MMN) S ^ (sSf ^ 


in agreement with p3| . Notice that the combination (232) of the poly logarithms has the 
property that its real part is a single-valued function in the complex plane ED This ensures 
that the modular integral be a well-defined function in the fundamental Weyl chamber. 


3 Generalised prepotentials for SL(2;Z) 


Using the behaviour <\2.9\ of Niebur-Poincare series under the action of modular derivatives, 
we show in this section that for integer s = 1 + n > 1, the modular integral \2.16) can be 
expressed in terms of a holomorphic function f n (T,U), which we refer to as the generalised 
prepotentiaj^j 


J(1 + n) = 4Re ( D ^ ] f n (T, U ) . (3.1) 

The case n = 1 arises in computations of one-loop threshold corrections to gauge couplings 
in heterotic string theory compactified on K3 x T 2 , where fi(T,U) is identified as the one- 
loop correction to the usual holomorphic prepotential F(X) encoding the vector-multiplet 

8 This equation holds for n < 5 and n = 6, such that ,F(1 + n, 1, — 2n) is a weak holomorphic modular 
form. For n = 5 and n > 7, T(l + n) can always be integrated to a harmonic prepotential. For suitable linear 
combinations such that the shadows of J 7 (1 + n, k, —2n) cancel, there is no obstruction in taking the prepotential 
to be holomorphic. 
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self-couplings in AT = 2 supergravity theories in four dimensions p5|-17|. The case n = 2 
arose in studies of F 4 and R 4 couplings in heterotic strings on T 2 [181, although the physical 
significance of the prepotential /2 in the context of eight-dimensional supergravity remains 
to be elucidated. The generalised prepotentials f„ were first introduced in [13|, where in¬ 
tegrals of the type ( |1.1| were considered with 0 being an arbitrary weakly holomorphic 
modular form. Since 0 is in general a mixture of Niebur-Poincare series .F(l + n, 1,0) with 
different values of n, the integral ED becomes a sum of iterated derivatives of various 
prepotentials /„. One advantage of decomposing 0 into a sum of Niebur-Poincare series 

1 + n, 1,0) is that it allows one to disentangle these contributions. 

While it is interesting and useful that the integral ( ]2.16[ ) can be integrated to a holomor¬ 
phic function, the drawback is that this function is ambiguous up to polynomials of degree 
2n in T and U with real coefficients, as these polynomials lie in the kernel of R e(DjDu) n . 
This implies that under T-duality, the prepotential f n need not be a standard modular form 
of weight —2 n, but rather can transform inhomogenously, picking up extra polynomials un¬ 
der the action of the modular group. This behaviour is characteristic of Eichler integrals. 
Indeed, we shall see that f n contains a T-independent term proportional to the Eichler in¬ 
tegral of the holomorphic Eisenstein series £ 2/11 2 (LI), which is responsible for this modular 
anomaly. Alternatively, one may express the integral as an iterated derivative of a harmonic 
function h n (T, U), which is modular covariant with weight —2 n but not holomorphic. This 
is in fact our first step in establishing ( |3.1| . 


3.1 Generalised harmonic prepotentials 


To derive the harmonic prepotentials associated to the integral Z(1 + n), we recall the action 
( |2.9| and ( 2.15| l of the modular derivatives on the Niebur and Eisenstein Poincare series, and 
observe that 


D" q N = (-2 N) n W n+1 jo(Ny) e 2niNx , 

y2n 

D“l = -=r(« + l)(-2/ry)-", 


(3.2) 


provided i] M is treated as a generic mode in the Fourier-series expansion of a modular form 
of weight —2 n in z. Using \2.9) and (2.151 we may then cast our result ( 2.38[ > for the integral 
as the action of the iterated derivatives 


Z(l + n) =4Re ( P ^ u) ” h„(T,U), (3.3) 

with 

h n (T, U) = (2tz) 2,1+1 E(1 + n, —2n; U) + £ , * <7r ^(l + n,N, -2n; U). (3.4) 

N>0 

Since the Eisenstein and Niebur-Poincare series appearing in ( |3.4| have s = 1 — j, the func¬ 
tion h n (T,U) is harmonic in U, and holomorphic in T, and we shall refer to it as the gener- 
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alised harmonic prepotential. For low values of n, the non-vanishing frequency modes are 
in fact also holomorphic in U, but the zero-mode part never is. Importantly, h n is manifestly 
modular under the action of SL(2;Z)u, with weight —2 n. Yet, it is not modular under the 
full T-duality group, in particular it is not invariant under T IE Note that h n is a priori de¬ 
fined up to terms in the kernel of Re(DjDu) n . Our choice ensures that h„ is modular under 
SL(2;Z)u. 

As before, this result generalises to the case of k > 1 by the action of the Hecke operator 
on either T or U. Specifically, 

h n (T, U; k) = K~ n H k ■ h n (T, U ). (3.5) 

The overall factor is a consequence of the identity 

K n H k D n F(s, 1, w) = D n F{s, k, zv ). (3.6) 

Notice, that generalised harmonic prepotentials can always be introduced independently 
of the value of n, even when the Niebur-Poincare series in the integrand is no longer weak 
almost holomorphic but is rather genuinely non-holomorphic, which occurs when n = 5 
and n > 6. 


3.2 Generalised holomorphic prepotentials and Eichler integrals 

As we have seen, the harmonic prepotential h n emerges rather naturally and has the ad¬ 
vantage of being modular covariant, at the cost of sacrificing holomorphy. Although this is 
legitimate from a mathematical viewpoint, it is however difficult to reconcile with the holo¬ 
morphic structure of J\f = 2 supergravity, since hi should compute the radiative correction 
to the holomorphic prepotential E(X). As we shall see, this is not a problem and holomor¬ 
phy may always be restored, whenever the Niebur-Poincare series in the integrand is weakly 
almost holomorphic. 

For n = 1,2,3,4,6 the only source of non-holomorphy in the harmonic prepotential is 
due to the zero-frequency mode As a result, we shall first restrict our analysis to this 
contribution. Using ( |2.15| > one has 

(2nY (2n) n 

E(1 + n,0) = -— -j— D n E(1 + n, —2n) = - — -j— Re D” £(1 + n, —2n) , (3.7) 

nl n\ 

where E(1 + n; —2 n) is a harmonic Maafi form. As a result, it can be decomposed 

E(1 + n; —2n) = (3.8) 


into its holomorphic (Mock modular) part Ty and the non-holomorphic complement 0^, 
with 


*„(;> = (*) 


2; \ 2n-\-l 


+ 


( — 1 )” 7 t £( 2 h + 1 ) (- 1 )" TC 

2 2n + 1 ^(2 n + 2 ) + 2 2n £(2 n + 2 ) 


X] C-2n-i(N)q N , 
N>0 


(3.9) 
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and 


i>nhfey)=y 2 " +1 -(^) 
( — 1)” 7T 


2»+i (-1)" n^(2n + 1) 


2 2n+1 £(2?z + 2) 

r(2n ■ 


2 2,! £(2h + 2) 


E <r- 2 n-l(N) 


1;4 rcNy) N 
H 


N> 0 


r(2n + l) 


(3.10) 


The remarkable identities 


Re 


D ^ 


2 \ 2 , 7+1 


(I) 


D n 


r(2n + l;4nNy) q 


-N 


= D n y ln+1 

(2n)l 
(47 zN) n 


D n q N 


(3.11) 


together with equations ( |3.2| yield the non-trivial result 


D n & h (z) = [D n & nh (x,y)}* , 


(3.12) 


which originates from the fact that both the shadow and the ghost [ 61 of the harmonic Maafi 
form E(n + 1, — 2n) are proportional to the holomorphic Eisenstein series £ 2 ,, 1 2 ( 2 ). In fact, 
one can prove that 


D 


2n+l 


<2>h = 


(DT +1 D"^ 


= y 


—2—2n 


[0<W 


(3.13) 


where the left-hand side defines the ghost and the right-hand side defines the shadow. 

The above considerations allow one to write 

X (0) (n + 1) = e(-D T D u ) n fi 0) , (3.14) 

where 


fi°\u)=<xE„ 2 n {U), 


(3.15) 


is the zero-frequency mode of the desired generalised holomorphic prepotential, written in 
terms of 


£-2,7 (z) 


£( 2 n + 2 ) ^ 2 , 7+1 
2ni 


£(2n + l) 

2 


+ E ^- 1 - 2 n{N)q N , 

N>0 


(3.16) 


and 


(-1)" (27t) 2,!+2 

2 2 ” £(2h + 2) 


(3.17) 


One may recognise £ 2 n (z) as the Eichler integral of the holomorphic Eisenstein series E 2n \ 2 ( 2 ) 
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132], defined by 


E 2 n+2(z) 


2 m 


(2n + 1)! £(2n + 2) 


dl n+1 E- 2n (z) . 


(3.18) 


As anticipated, this holomorphic contribution does not transform covariantly under the ac¬ 
tion of the modular group, but rather involves an inhomogeneous term, as we shall discuss 
in the following Section. Altogether, the generalised holomorphic prepotential reads 

fn(T, U) = « £-2 n (U) + £ (2N ) 2w+1 qr ^(1 + n, N, -2n; U ). (3.19) 


It is important to stress that this choice of holomorphic prepotential is not unique and one 
has the freedom of adding a polynomial of degree 2n in T and U with real coefficients. In 
we have made a convenient choice for this polynomial. 

Upon Fourier-expanding T(1 + n, 1, —2 n) ~ En>-1 Fn ( N)q N , the generalised holomor¬ 
phic prepotential admits the alternative representation 

fn{T,U ) = a£_ 2n (U) + 2~ 2 ” £ F„(NM) Li 2B+1 (<# q%) (3.20) 

N>0 
Me z 


(3.19 


in terms of polylogarithms. By further Fourier expanding the Eichler integral and rearrang¬ 
ing terms, one arrives at 


f n {T,U ) =«£(2n + 2) 


Tjln+l 




22;j 


Li 2 „+i ( — 

flu 


+ E Fn(NM)Li 2n+1 (^^), 


(3.21) 


N,M> 0 


which exposes the asymmetry of the generalised holomorphic prepotentials under T -R- U 
exchange, originating from the singularity at T = U in the term proportional to F n (— 1). 

Although the zero-frquency part X' :0: ' may always be expressed in terms of a holomor¬ 
phic function f„ for any n, this is no longer true for the non-vanishing frequency modes 
when n = 5 and n > 6, since the Niebur-Poincare series J-{~\ + n, N, — 2n) are genuine har¬ 
monic Maafi forms [j6j. This is related to the fact that, for these values of n, Ti l + n, 1,0) 
is a genuine non-holomorphic function. However, one can always associate a generalised 
holomorphic prepotential to the linear combination ( 2.11) , representing weak almost holo¬ 
morphic modular forms, since the shadows will cancel also in the prepotential. 

Similarly to the harmonic case, the generalised holomorphic prepotential /„ (T, U;k) may 
be straightforwardly obtained via the action of the Hecke operator H K as in eq. 


3.3 Modular properties of generalised holomorphic prepotentials 

As anticipated, the generalised holomorphic prepotential of eq. ( |3.19) does not transform 
homogeneously with weight —2 n under the action of the T-duality group. Rather, owing to 
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the inherent polynomial ambiguity in f n , one has 


(<cT + d) ln ( c'U + d') ln f n 


(aT + b a'U + b'\ 
\cT + d' c'U + d') 


=MT,U)+P r y(T,U), 


fn(T, U) =f„(U, T)+Pr(T,U), 


(3.22) 


where P 7r y(T, U ) and P a (T, U ) are polynomials of degree 2n in (T, U) with real coefficients. 
These polynomials themselves depend on the choice of polynomial ambiguity in f n , which 
we have fixed in the definition ( |3.19| . It is important to note that there is no choice of this 
ambiguity that can trivialise all polynomials P's. 

As far as the action of SL(2; Z )u is concerned, the anomaly can be traced to the presence 
of the Eichler integral E_ 2 n(LT) in the zero-th Fourier mode ( |3.15| with respect to T. Indeed, 
under a generic element 7 E SL(2;Z), the Eichler integral transforms as 

(cz + d) 2n E- 2 „ = £- 2/1 (z) +Py(z), (3.23) 

with P 7 (z) being a degree 2 n polynomial in the z variable, that depends on the choice of 7 . 
The polynomials P 7 (z) are uniquely determined by Pj(z) and Pg(z), which are associated to 
the standard generators T and S of the modular group given in ( |B.4[ ). It is straightforward to 
derive Pj since the nome c] is trivially invariant and the only source of inhomogeneity is the 
monomial z 2n+1 . As a result. 


P T (z) 


«i g fiery 


(3.24) 


The transformation under S is more involved and can be determined by the analytic 
properties of the L-series 


nOO 

L*(s) = / <h/l / s_1 c r -i-2n{N)e~ 27zNlJ = (27r) -s P(s) £(s) £(s + 2?7 + 1 ), 

Jo N> 0 


(3.25) 


associated to E_ 2 n, as we derive in Appendix|B] Notice that although the L-series satisfies the 
functional equation s —> w — s, with w = —2n, and has simple poles at s = 0 and s = — 2 n 
as in the case for modular forms of weight — In, the additional poles at s = 1 — 2p with 
p = 0,1,... ,n + 1 are actually responsible for the inhomogeneous transformation ( 3.23| , 
and the associated residues uniquely fix 


Bip B 


2k D 2n-2k+2 


( 2 TTp) 2nJr ^ n 
p q ( z ) = - m> _ 

sv ’ 2 ^(2Jfc)!(2n-2Jfc + 2)! 


,2k—1 


(3.26) 


thus generalising the result of [32] to generic n. 


Clearly, Pj and Ps determine the behaviour of the generalised holomorphic prepotential 
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fn(T, U ) under the action of SL(2; Z )u. Moreover, using the property of the polylogarithms 


U k (e 2inz ) + (- l) k U k (e ~ 2inz ) = 


(2 ni) k 
k\ 


Bfc(z), 


0 < Re (z) < 1, 


(3.27) 


with B/ C (z) the Bernoulli polynomials, one obtains 


Pa(T,U) = 


{lni) 2n+1 

2gn 


B 2n+1 (T -U)- T ln+1 + U ln+1 


(3.28) 


when T and U lie in the fundamental chamber, with real parts in the interval (0,1). This 
expression generalises the result of |4j ton > 1. 

The knowledge of the polynomials Pg, Pt and P a fully determines the transformation of 
the prepotential under the duality group, because any transformation g' G SL(2; Z)r can be 
obtained by conjugating the associated transformation g G SL(2;Z)y by a, i.e. g' = a~ 1 ga. 
However, it is important to note that, since P a 2 7 ^ 0, the generator a is no longer an involution 
at the quantum level, and as a result, modular transformations g and g' no longer commute. 
The group generated by these transformations, which we call the monodromy group, is 
an extension of the classical T-duality group SL(2 ;Z)t x SL(2; Z)u x a given by the braid 
group of (X x X)\A, where X is the Riemann sphere with three punctures located at images 
of e tn ^ 2 , e 171 ^ and zoo under the action of the Klein j function, and A is the diagonal divisor in 
X x X. The braid group is generated by the elements g\ : If — > — \/U,g 2 \ U — > — 1/(U + 1) 
and a, obeying the relations 


gi = gz = 1 / gi<rgj<r 1 = <rgj<r ] g t . 


(3.29) 


Using the results above, we find that the generators act on the generalised holomorphic 
prepotential as 


fn i T '~u) = U ~ 2n L fn(T, u )+*P S (U)] , 


fn\P,~ 


= (U + l)- 2n [fn(T, U) + a. (P T (U) + P S (U + 1))] , 


U + l 

fn(T,U ) = f„(U,T)+P a (T,U), 


fn[- f ,U) = T 


-In 


fn (T, U) + aPg(T) — Pcr(T, U) + T Zn P a [--,U 


,U) =(T + 1) 


\ —2n 


fn{P f U) + a (Ps{T + 1 ) + Pt(T)) 


— P a (T, U) + (T + l) 2n P a ( - 


T + l 


,U 


(3.30) 


with Pj, Ps and P a the polynomials given in eqs. | |3.24 |, ( 3.26| and ( 3.28 1. 

For n = 1, our analysis is in full agreement with the results of [4j[T5| and extends it to 
higher values of n. The precise matching with p5[ at the level of the holomorphic prepoten¬ 
tial is obtained by adding to f\ (T, U) the polynomial 3 + 51/ + 3U 2 that lies in the kernel of 
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Re (—DtDu). 


3.4 Generalised Yukawa couplings 

In AT = 2 supergravity in four dimensions, the Yukawa couplings Y,y. are obtained from 
the third derivatives of the prepotential F. They are modular covariant, and, in the case of 
i = j = k = T or U, holomorphic in (T, If). Similarly, for heterotic strings compactified 
on T 2 , the one-loop contributions to F* v couplings are fifth derivatives of the generalised 
prepotential In this subsection, we construct a similar set of functions Yjpw with p + q = 
2n + 1, which we call generalised Yukawa couplings, which are proportional to (2 n + l) th 
derivatives of the generalised prepotential f n , independent of the polynomial ambiguity, 
holomorphic when p = 0 or q = 0, modular covariant for any p, q, and related to one-loop 
modular integrals with momentum insertions. The physical significance of these functions 
is not clear at present, but we hope that they may provide hints towards a generalisation of 
the notion of special geometry to n > 1. 

We shall begin by studying the simplest instance of holomorphic generalised Yukawa 
couplings 


Y T 2 n n(T, If) = -2 


-2n—l 


/ r) \ 

D? +, /»(rU)= MT.U), 


(3.31) 


where in the last equality we used Bol's identity [33], which equates the (1 — w)-th modular 
derivative of a modular function of negative integer weight w < 0 to the ordinary (1 — ?c)-th 
derivative. Notice that, since the degree 2 n polynomial in the inhomogeneous transforma¬ 
tion of f n is annihilated by the derivatives, Y t i„ n indeed transforms as a weight (2 n + 2, —2 n) 
holomorphic modular form with respect to SL(2 }Z)t x SL(2 }Z)u, for n sufficiently small. 
Inserting the expressions ( |3.19| and ( |3.20 1, one obtains 


Y T 2 „ + i (T, U ) = 2~ 2 ” qr Fi 1 + n, N, - In ; U) 


N>0 


= 2~ ln Yj N 2n+1 F n (MN) 


N „M 




(3.32) 


N>0 
Me 2 


1 -q¥qu' 


thus generalising the 'multi-cover' formula for the standard Yukawa coupling Y T 3 (34| . This 
expression clearly exhibits a simple pole divergence at qj = qu, 


Y 


J2n- 1-1 


(2n + l)! q T 
2 2n qu-qr' 


(3.33) 


This behaviour, together with holomorphy and modularity, uniquely fixes the expression of 
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the Yukawa couplings. 


= 3E^TTE^U)Ee(Ul 

73 2A(U)\j(T)-j(U)]’ 

_ 315 E 2 (T)E 6 (U) 

T? 4 A(U)\j(T)-j(U)}' 

which may be written compactly as 


_ 15 E 6 (T)E 2 (U) 

2 A(U) [j(T) — j(U)} ' 

_ 2835 E 4 (T) £ 6 (T) E 4 (lf) 
^ A(U)\j(T)~j(U)}' 


Y T 2 n+l(T, U) 


0 „ 2f) E 2n+2 (T) J£(l + n,l,-2n;U) 


(3.34) 


(3.35) 


in terms of the holomorphic Eisenstein and Niebur-Poincare series with s = 1 — f. Note that 
the Y T 2n+i have already been discussed in the literature in the context of heterotic string com- 

351, respectively. Similar results can be obtained 
for Y u 2 n +1 upon exchanging T and U in the above expressions. 

The holomorphic generalised Yukawa couplings can be related to modular integrals with 
lattice-momentum insertions. In fact. 


pactifications on K3 x T 2 and on T 2 [ 18 


19 


Dj +1 Dyl(l + n) = (-iri 4 ^ Y^(T,U) + 1 D-+ 1 D& [(—D T D u ) n f n (T, U)]* , 

(3.36) 

where we have used again Bol's identity and the fact that D n D n is proportional to the iden¬ 
tity operator when acting on Niebur-Poincare series. The second term on the r.h.s. actually 
vanishes due to holomorphy of f n and of non-trivial combinatorial identities. Moreover, one 
can trade the covariant derivatives for insertions of lattice momenta to obtain 

y T 2n+i = ^ 2 4»+3 \ T d v 72 (?t n+l ■ F ( 1 + n ’ 1 ' ~ 2n ) • ( 3 - 37 ) 

Here we have employed the notation 

(/(p)> = r 2 E f(p) ( 3 - 38 ) 

mj,n' 

for the Narain lattice with generic momentum insertion f(p). 

Also in this case, the generalisation to higher values of k is straightforward and can be 
obtained via the action of the Hecke operator 

Y T 2 „+1 (T, U; k) = K n H k ■ Y T 2n+i (T, U) . (3.39) 


We can now move to discuss more general Yukawa couplings, which can be obtained as 
mixed derivatives of the generalised holomorphic prepotential. Aside from sporadic cases 


19 36f, these have not been extensively studied in the literature, and indeed there are 


ambiguities in their proper definition. In these cases Bol's identity is no longer applicable 
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and modularity dictates a non holomorphic completion. For instance, in the combination 


Ytpw(T, U ; k) 



22h+1 


Djfn (T, U) k) 


(2n)^~ 2 p\ Ul n 
(2njl («7 - 1)! T * l -2q+2 


(d< t i 

(3.40) 


with p + q = 2n + 1 and 1 < q < n < p, the degree 2n polynomial in the inhomogeneous 
transformation of f„ is exactly cancelled. After some tedious algebra, one may cast them as 
modular integrals with lattice momentum insertions 


K q n\ U n L 1 r 

y tpw = (-l)” +1 2 4 W _ 2 p + i -^Ti d} 1 t 2 (Pl q Pr) -^(l + n, k, 2q — 2n). (3.41) 

These mixed Yukawa couplings are clearly non-holomorphic functions, but have holomor¬ 
phic weights 2 p — 2n and 2 q — 2n with respect to SL(2; Z)+ and SL(2;Z )u, respectively. 

Furthermore, observe that the quantity inside the brackets in eq. ( |3.40[ ) is itself modular 
covariant and may be expressed as the modular integral 


(- 1 )’ 


, (27t) 2i? (2p)! 

24«—+4 n ( 


L7" 

Tp 


j T d U t 2 1 (PlPr 1 )J r ^ + n,K,q-p-l). 


(3.42) 


This is a non-trivial result, and allows one to straightforwardly compute the Fourier series 
expansions of such integrals by expressing them as derivative of the known generalised 
prepotential. 


4 Modular integrals for Fq(N) 


In perturbative computations in many string theory models, one encounters one-loop inte¬ 
grals over the fundamental domain of various congruence subgroups rather than of the full 
modular group. This happens e.g. in orbifold compactifications involving non-factorisable 


tori [21,22J or when supersymmetry is spontaneously broken, either partially or completely 
|23-27j. In these cases, the one-loop amplitudes can be expressed as 


1= dji 

Kg 


(4.1) 


where the sum over h runs over the untwisted and twisted orbifold sectors and the sum over 
g imposes the orbifold projection. Clearly, the integrand is invariant under the full modular 
group, but each independent term in the sum is typically invariant only under some congru¬ 
ence subgroup of SL(2;Z), except for the untwisted unprojected sector ( h,g ) = (0,0) which 
is invariant under the full modular group. This suggests that an efficient way of evaluating 
( |4.1| is to partially unfold the modular integral 0, i.e. collect the (. h,g) sectors into orbits of 
SL(2;Z) and keep one element in each orbit, now integrated over the fundamental domain 
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of the corresponding congruence subgroup. Schematically, 


x> 

Kg 


h 

g 


E E ^«l7 

a jer a \r 


(4.2) 


where the amplitudes A a are now invariant under the congruence subgroup F a C F, and the 
sum over a runs over the possible subgroups. As a result, 

x = E^ = e/ d i iA ( 4 - 3 ) 

a a V '-A 


T a being the fundamental domain of F a . The integrals X a can then be computed by employ¬ 
ing similar methods as in the case of the full modular group j7|. 

For simplicity, we shall restrict our analysis to the case of abelian Z 2 and Z 3 orbifolds, 
which play an important role in string vacuum constructions. These cases are special in that 
they involve a single Hecke congruence subgroup. To (2) and To(3), respectively. Other 
and non-abelian orbifolds can be dealt with similar methods, though they typically involve 
several orbits. 

We shall further focus on BPS-saturated amplitudes, where the orbifold blocks are of the 
form 


A 


h 

g 



h 

g 


{T,U)& J 


(4.4) 


where „ 


is a weakly almost holomorphic modular form under Tq(N) and 


1 ~ 2,2 


h 

g 


(T,U, t) = t 2 E 


2mg 

e N 


(Aiti'+fi'mi) 


q l\PL(h)f ql\MV\ 2 r 


is the shifted Narain lattice partition function with momenta 


= vm 


ni 2 (h) — Um\(h) + T(n 1 (/z) + Un 2 (h )) 
1112 (h) — Um\(h) + T(n 1 (//) + Un 2 (h)) 


(4.5) 


(4.6) 


where mj(h) = nij + jjA,, n l (h) = n' + The integral shift vector (A i,ji l ) is constrained 
by modular invariance to satisfy A jji 1 = 0 modN. 

For Zn orbifolds with N = 2,3, partial unfolding leads to 




-1 N—l 

d t> r i2 [S] (ru)K[S]+- £ 

g =1 



dji r 2 ,2 


0 

s 


(T,U)<P 



(4.7) 


where Tn is the fundamental domain of Tq(N). The relation <P[g] = |l], valid for conju- 
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gate orbifold sectors, allows one to write 


T = 


1 

N 



^r 2 , 2 [8] 



E 

7 er 0 (N)\r 




1 

N 


N—l 


E r -'2 

g =o 


0 

g 


(4.8) 


Although this way of writing may appear contrived, it is actually instrumental in the sub¬ 
sequent analysis, since the sum over g enforces a projection on the momenta and/or 
windings. 

The term in the square bracket is SL(2;Z) invariant, and therefore the first integral can 
be straightforwardly evaluated using the results of |5j|6j and of Sections 00 The second 
integral instead can be treated using the techniques in [ 7j. Since any weak almost holomor- 
phic modular form of To (N) can be uniquely decomposed in terms of a linear combination of 
Niebur-Poincare series |7|, we shall restrict our analysis to the prototype integral involving 
the shifted lattice times the Niebur-Poincare series of To(N). 


4.1 Symmetries of the shifted Narain lattice 

To study the symmetries of the shifted Narain lattice, it is convenient to introduce the matri¬ 
ces 


M = 






(4.9) 


that encode the momentum and winding numbers, and the shift vectors. The shifted Narain 
lattice then reads 


r 2 , 2 {T,U,T>A ) 


1 

N 


E r T 2 

g6 Z N 


o 

g 


(T,U, t) 


p ?S£tr(MA) 

Y. Y, - g—2 !7 tt det(M) eX p 

geZ N M6Mat 2x 2(Z) ^ 


7TT 2 

TYLh 



(4.10) 


Its duality symmetry is clearly a subgroup of SL(2;Z)r x SL(2; Z)u x j, which is the 
duality group for A = 0, and can be easily determined as follows. A generic transformation 
in SL(2;Z)x x SL(2; Z)fj can be reabsorbed by the matrix redefinition 


M —> M = , 


(4.11) 


where cr\ is the Pauli matrix, and G SL(2; Z) rt , at the cost of changing the shift matrix 

AgA = 7 t 1 A<7 i7u V 1 . (4.12) 
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This transformation acts on the lattice as 


r 2 ,2(7TT r7u U;A) = T 2 / 2 (T,li;A) (4.13) 

and is a symmetry if and only if 

A = jj 1 AaiJu (Ti mod N. (4.14) 

Similarly, one can show that the involution a : T o U is a symmetry if and only if 

A = Ui AVi mod N . (4.15) 


Actually, one has the option of combining a with any other involution which is in SL(2 ;Z)t x 
SL(2;Z)u but not in the perturbative duality group of r 2/2 (T, U; A). 

As an example, let us consider the case of a momentum shift along the first direction, 
Hi = 0 = A 2 , A 1 = 1. Solving the eqs. ( 4.14| l and ( 4.1 5[ > yields the duality group r\N) T x 
ri(N)u K VT*rt-HU> where the involution is now given by aS, where S : z —> —1/z is an 
order-two element which is in SL(2;Z) but not in Tj(N) or T 1 ( N). Notice, however, that 
any even-weight modular form of the congruence subgroup Ti (N) is automatically modular 
under the larger Hecke subgroup To(N). Asa result, since the lattice has zero-weight with 
respect to the T and U variables, the effective duality group is always enhanced and in this 
case reads r 0 (N)r x fy (N)u x An-i /u- Similarly, for the case of a winding shift along the 
second cycle of the T 2 , with pi 2 = 1 and }i \ = 0 = A', the duality group is To(N)t x Tq( N ) u ix 
(Tj^u■ Actually, the lattice partition function is now invariant under the permutations of T, 
U, r 


r 2/2 (T, U, r; A) = r 2r2 {U, T, r; A) = r 2 / 2 (T, r. If; A), (4.16) 

just like the unshifted lattice T 2 / 2 (T, U, r). An important by-product is the relation between 
the Atkin-Lehner |37| involution z' = —1/ (Nz) in the T, U and r variables 

r 2 ,2 (^-mi,t;A) = r 2/2 (-^ t ,u,t;A) = r 2/2 (t,u,-^;A) . (4.17) 

Before we conclude, we observe that different shift vectors can actually be mapped into 
each other by a suitable redefinition of the T and U moduli [ 38| . 


4.2 Niebur-Poincare series for Io(N) 

In this subsection we recall basic facts about modular forms and Poincare series with respect 
to the Hecke congruence subgroups To (hi) with N prime, referring the reader to the existing 
literature for more details 039-4l|. The fundamental domain AA = fb(/V)\IH possesses 
two cusps, at z = 0 and z = oo. These special points are characterised by their width rn a , 
which essentially counts the number of copies of the SL(2;Z) fundamental domain in J~\: 
that end at the cusp z a . As a result, one finds moo = 1 while viq = N. The two cusps are 
mapped to each other via the Atkin-Lehner involution z —> — 1/ (Nz). For a given seed /(z). 
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invariant under z —> z + 1, one defines the Poincare series attached to the cusp a via 


f a(z) = £ f(z) 

7 er a \r 0 {N) 


IV 


(4.18) 


where | w denotes the Petersson slash operator, P n is the stabiliser of the cusp z 0/ and a a are 
SL(2; R) matrices which relate T n to Too, with 


Coo — 



^0 


f o_ i/Vn\ 
\-Vn o J ' 


(4.19) 


A convenient choice of Poincare series of To(N) consists in choosing the same seed /(z) = 
■Ms,w(—Ky)e~ 2l7ZKX as for SL(2; Z) Niebur-Poincare series. We shall denote them by J 7 a (s, k, zv), 
and we shall refer to them as the To (hi) Niebur-Poincare series attached to the cusp a. They 
are absolutely convergent for Re (s) > 1, and can thus be used for unfolding the fundamen¬ 
tal domain. The functions ^^(s, k,zv) and Tq(s,k,zv) are actually related via the action of 
the Atkin-Lehner involution, namely 

Fq{s,k,zv,z) = n~ w/ 2 z~ w Foois, k, zv; — 1/Nz ). (4.20) 


By construction, they are eigenmodes of the weight-o; hyperbolic Laplacian with the same 
eigenvalue as in ( |2.3| > and satisfy the same closure properties under modular differentiations 
as in ( |2.9| . As a result, they are harmonic Maafi forms for s = 1 — j, and turn out to be 
weakly holomorphic for low enough weight, when the shadow vanishes identically. The 
Hecke operators H,, Nl of To (N) |^]acts on the Niebur-Poincare series as 

Hk N) ^ais, l,zv,z) = Fais^^o-'Z) - 5 aoo J 7 (s,k/N, zv, Nz). (4.21) 


The second term in the r.h.s. is understood to be present only when a = oo and N\k. It is 
important to note that H ( K N ' > is self-adjoint with respect to the Petersson inner product only 
when ( N,k ) = 1 [40,411. 

The Fourier expansion of the Niebur-Poincare series .F a (s, k, zv) around the two cusps 
can be found in |7|. For small enough (negative) weight, in the holomorphic case s = 1 — j, 

9 The Hecke operator 1 of To(N) acts on the Fourier modes of a weight-a; modular form 4> = 

E m 4>(m,y)e r 


2inmx 


as 


H-\^ <P(m,y) = n 1 w ^ d w 1 x(d) <t>(n m /d 2 ,d 2 y/ri ), 

d\(m,n ) 


with x(d) the trivial Dirichlet character mod N, such that x(d) = 1 if ( N,d ) = 1 and x{d) = 0 otherwise. It 
satisfies the commutative algebra ft| N * = Erf|(jc,A) d l ~ w x{d) H^j d2 . 


29 






one has 


T a (1 - f, k, zv) \ w a b =S ab T(2 lU) + til Z ab (0, jc; 1 - f) 


q K (Inix] 

CO 

+ 47T?Cr(2 — zv) 

m> 1 


, 1(7 

— Ill ^ 2 
K 


(4.22) 


Z ob (m, —k; 1 — f) (? m . 


where Z ob (a, b; s ) and Z ntl (a, b; s ) are the Kloosterman-Selberg zeta functions relating the two 
cusps a and b defined in appendix |.A|[°| 

As for the case of the modular group, the Niebur-Poincare series T a {\ — f + n, k, zv ) can 
be used to decompose any generic ro(N) modular form <£> of negative weight as a linear 
combination 

^(z) = JY I] Yj d *A m ) F* (1 - f + p,m,w) . (4.23) 

a=0,oo —K a <m <0 p —0 


The coefficients d a/P (m) are uniquely determined by matching the singular behaviour of both 
sides of the equation around the two cusps. Their explicit expression can be found in [7|. 

We shall also need the non-holomorphic weight-u; Eisenstein series E n (s, zv) obtained by 
choosing the seed f(z ) = y s in ( |4.18| . As in the SL(2;Z) case, they are eigenmodes of the 
hyperbolic Laplacian with the same eigenvalue as the Niebur-Poincare series, absolutely 
convergent for Re(s) > 1, and satisfy the same closure properties under modular differen¬ 
tiation as in ( 2.15| . For s = 1 — j and s = j the Eisenstein series become harmonic Maafi 
forms. For even weight zv > 2, E a>w = E a (f, zv) reduces to the conventional hoiomorphic 
Eisenstein series E w of To(N) attached to the cusp a. The Eisenstein series E a (s, zv) can ac¬ 
tually be expressed as linear combinations of the SL(2;Z) ones with rescaled arguments. 


Eco(s,ZV,z) = 


N s+ 2 E(s,zv,Nz) — E(s,zv;z) 
N 2s — 1 


E 0 (s,zv;z ) = 


N s E(s,zv;z) — N 2 E(s,zv;Nz) 


N 2s — 1 


(4.24) 


From these relations, the Fourier series expansions around the cusp b of the Tq ( N) Eisenstein 
series attached to the cusp a can be straightforwardly extracted and one obtains 


E a {s,zv,z)\ b = 5 ab y s 2+z w \fn r ^ r(yS ^ 


+ i~ w 71 s (47l) ? Y1 


T(s + f)r(s-f) 

1 


Z 0 b (0,0; s) y 1 


m \ s +2 1 Z ab (0,m;s) W S/W {my) e 


^ o r(s + f s gn(wz)) 


Inimx 


(4.25) 


10 Note that in the present work we employ a different notation for the Kloosterman-Selberg zeta function than 
the one of 0. 
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4.3 Properties of the r’o(N') modular integrals 

We can now proceed to the computation of the prototype integral 


l N (s,ic;a) = R.N. f dj,iLF a {s, k, 0) F 2r2 {T,U;A) 
J f n 


(4.26) 


by unfolding J~y against the Niebur-Poincare series. Any Fq (N) integral involving the 
shifted Narain lattice times a generic weakly almost holomorphic modular form can be 
straightforwardly derived from ( 4.26| by virtue of the decomposition ( |4.23| . The symbol 
R.N. stands for the To(N) invariant renormalisation prescription of [j7j for treating the infra¬ 
red divergences that may arise at the two cusps. Special care is needed for s = 1 where the 
integral develops a simple pole, in which case, the renormalisation prescription amounts to 
its proper subtraction. 

From the differential properties of the Niebur-Poincare series and from the identities 


A T r 2r2 (T,U;A) = A u r 2i2 (T,U;A) = A r r 2r2 (T,U}A), 


(4.27) 


obeyed by the shifted Narain lattice, for any choice of the shift A, it turns out that the To(N) 
modular integrals In (s, k; a) are themselves eigenmodes of both the (weight-zero) hyper¬ 
bolic Laplacians Aj and Ay with eigenvalue ^s(s — 1). For s = 1 a constant source-term 
appears, similarly to the SL(2;Z) case ( |2.21| . 

Whenever the shifted lattice r 2r2 {T, U;A) is symmetric under the exchange of the mod¬ 
ular parameter r with either the T and LI moduli, and provided that (k, N) = 1 so that 
the r 0 ( N) Hecke operator is self-adjoint, one can restrict the analysis to the case k = 1 and 
a = oo, since all other cases can be recovered via the action of the Hecke and Atkin-Lehner 
operators. 

Indeed, following the steps outlined in Section |2]one finds 
1 N (s, k ; a) = H [ k N) ■ X N (s; a), (4.28) 


where the Hecke operator acts on either T or LI, or on both, depending on the available 
symmetries and In {s', a) = In( s, 1; a). 

Moreover, the integrals associated to the two cusps are not independent, but are related 
by the action of the Atkin-Lehner involution Hq. In fact, since 

JT 0 (s, K, w) = Foo (s, K, w) | (70 , (4.29) 

and since <7o is self-adjoint on the fundamental domain of Fq{N), one finds 

X N (s;a) = X N (s;oo)|n a , (4.30) 


where the Petersson slash operator can act on either variable, depending on the available 
symmetries. For s = 1 + n, this relation can be extended to the level of both the harmonic 
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and holomorphic prepotential 


f„(T, U; a) = f n (T, U)oo)\c a + polynomial, (4.31) 

due to the commutation property of the involution a a with the modular derivative. Similarly, 
for (k, N) = 1, one may extend the relation ( |3.5| to both the harmonic and holomorphic 
prepotentials of Fb(N) 

f n (T, U, k; a) =K- n H { K N) ■ f n (T, U; a ). (4.32) 


4.4 Evaluation of the modular integral X N {s;a) 

For concreteness, we shall evaluate the integral ( |4.26| ) for k = 1, and we shall consider ex¬ 
plicitly only the case of a winding shift along the second cycle of the two-torus, with }i 2 = 1 
and ji i = A 1 = 0, since the other cases can be treated similarly. In addition to the duality 
symmetry rb(N)r x Fq (N)u x (Tt<->u, inherited by the integral, the shifted lattice is also in¬ 
variant under the triality symmetry T U r, which implies that the results for the cusp 
at zero, or for higher values of k, can be obtained by acting with the Atkin-Lehner involution 
or Hecke operator on Z(s; oo). 

For the cusp at oo the shifted lattice 12,2 (T, U;A) reduces to the conventional unshifted 
Narain lattice sum merely subjected to the constraint n 2 = 0 mod N. One may thus readily 
obtain the result of the integral Z(s; oo) from its SL(2;Z) cousin Z(s), both in the BPS-sum 
representation and in the Fourier-series one. 

Unfolding the fundamental domain against the Niebur-Poincare series yields the BPS- 
state sum representation [7] 


N—1 


l N (s;a) = n ^T(s) I] e 2mUagn2/N 2F1 (s,s;2s; 


g=0 BPS(v ag ) 


m a | p L Kg) | 2 


m a \p L (v a g)\ : 


(4.33) 


where the BPS-sum extends over integers m,, n l subject to the 'BPS-constraint' 
m a (IPLKg)l 2 - IprK£)| 2 ) =4, 


(4.34) 


with the shifted left-moving and right-moving momenta given in eq. ( |4.6| . The ratio u a /v a 
identifies the coordinate of the cusp a on the complex upper plane, i.e. ( Uq,vq ) = (0,1) and 

(^oo,Uoo) — (1,0). 

Following the same arguments as in Section 2.2.1 , this expression can be cast as the 
Poincare series 


l N (s-,a)= V 

7£tdiag \(r T xr U ) 


\T — U\ 
T 2 U 2 


-1 

a ■ ^, 

a ,1 ' ' 


(4.35) 


where the seed q>(z) is the same as in eq. ( |2.28| , and the involution a aA acts on either of 
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the T and U variables. For generic N including N = 1, Fj x F\j = Fq(N)t x Tb(N)u and 
hdiag = diag(r 0 (N)r x io(N)u). 

This representation is valid at any point in the Narain moduli space. It is tailored to 
exploit the analytic structure of the integral in the vicinity of points of gauge symmetry 
enhancement and provides a Poincare series representation, thus making the duality sym¬ 
metry manifest. As in the SL(2;Z) case, points of gauge symmetry enhancement arise at 
p R (v a g) = 0, i.e. T = a a U together with their Fq{N) images \6\. Note that the singular locus 
depends on a choice of cusp. 

The Fourier series representation depends on a choice of Weyl chamber. Although the 
structure of Weyl chambers depends on the value of N, in the chamber T 2 > hi 2 one finds 

l N (s; a) = 4 0) (s; a) + l { N +) (s; a) + 1P (s; a), (4.36) 


with 


4°'(s; a) = 2 2s Cto T(s - i) Tp’ E„(s,0; U), 


4 +, (s;a) = 2 £ 


plinMTi 


M>0 


M 


Ws,o(MT 2 )J r a(s,M,0;U), 


(4.37) 


andzjj } (s; a) = [2^ +) (s;a)]*. 

Notice that although these expressions are valid for N prime, the choice N = 1 reduces 
to eq. ( 2.16| , if we assume that, in this case, a labels the unique cusp oo of the modular group. 


(1 ) 

In fact, in this case T » (s, 1,0) = F (s, 1,0), T\ = T, while for the Narain lattice, any shift 
vector A acts trivially by simply relabelling the integral momenta and windings, and thus 

r^{T / U)A) = r 2/2 {T,u). 

Of particular interest in string theory are the cases where s = 1 + n is a positive integer. 
The Fourier series expansion then admits alternative representations in terms of polyloga¬ 
rithms or, for n = 0, can be summed in terms of combinations of the To(N) Hauptmodul, 
thus generalising the Borcherd's product formulae valid for SL(2;Z). 


4.4.1 The case s = 1 


The case s = 1 is special since the R.N. prescription requires the subtraction of a simple 
pole from the non-holomorphic Eisenstein series entering the Fourier mode with vanishing 
frequency. Using the first Kronecker limit formula one obtains 


7 "( 0 ) 


(i; a) 


-(xufc lo § 


^T 2 n “ 1 LT ^ 1 


' t] N (NU) 


. y(U) 




+ const, 


(4.38) 


where Vn = vol(Wv)/ V °1 is the index of fy( N) inside SL(2;Z). Notice that this ex¬ 
pression is valid also for N = 1 , if we allow the formal limit N — > 1 . In fact, i](NU) ~ 
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//(IT) + 0(N — 1), and thus 


24 


li m — , „ r „ x 

N->1 (N — 1)V N 


’N—li tN-1 


log 


t] N (NU) 


V(U) 


= -24 1og(r 2 li 2 |f/(!i)| / 


(4.39) 


in agreement with eq. (2.46|. The positive-frequency modes are regular at s = 1 and read 


4 +) (l;a)=2 E q( 7 ^a(hM, 0 ) 

M>0 




_2 r yr_ 

2^ Ayr 

M>0 


M 

# 

M L' 


7- a (l,M,0)-j-i 0) (l,M,0) 


- 4mT ^ noo - 


24 


ao ° (N- 1 )i/ n 


log 


( 

T/ n (NT) 



L V(T) 

u a 


(4.40) 


where (1,M,0) = 4 tt 2 M Z aC o(0,M; 1) is the constant zero-mode of the Niebur-Poincare 
series of To(N) attached to the cusp a. 

Using the properties of holomorphy and modularity in the T and U variables, together 
with the singularity structure of J r a (l,M,0) — (1, M, 0) around the two cusps, one ob¬ 

tains the identity 


y c It_ 
M> 0 M 


F a (l,M,0) -Fi 0) (l,M,0)l +2niTS aoo = - log 


O'eo(T) - &)*« 


(4.41) 


where j a (z ) = £ M c n (M) q M . In fact, j x (z) is the Hauptmodul for Jb(N), while jo(z) = 
joo(— 1/Nz) is its image under the Atkin-Lehner involution. Eq. ( |4.41 1 generalises the Borcherds' 
product formula 201 to the case of Tq(N) congruence subgroups 


n 

K>0,LeZ 


K „L \N \ Ca(KL) 


(l qjlu) 

-,NK „NL 


(joo(T) — ja(U)) 


N 


1 -> (i(NT) -j{NU))‘~ (/»(T) - J^)™" 

Putting things together, the modular integral reads 

'j/ n (NU) ] p 7 N (NT) 


(4.42) 


Xjv/(l;a) = — 


24 

(N—1)v n 


N—l i tN—1 


log 


-log 


Mr) - jA 


24 1 4 Ad 


?/ (U) 

const. 


Vi?) 


(4.43) 


The first term on the r.h.s. originates from the constant term in the decomposition .F 0 (l, 1,0) = 
/ 0 (z) + Fa (1,1,0), whereas the second term originates from the J’o(N') Hauptmodul. By 
employing the identity 

(jo(T) — joo(U)) (joo(T) - ^_) = (jo(U) — joo(T)) (/oo(LT) - , (4.44) 

it is straightforward to verify that the expression (4.43| is indeed invariant under the duality 
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symmetry Fo(N)r x Fq (N)u x ctt<->u- The modular integral ( |4.43| develops logarithmic sin¬ 
gularities at the point T = U and its Fo(N) images, ascribed to the presence of extra massless 
states that would arise at symmetry enhancement points in the Narain moduli space. 

Before closing this Section, we shall also give the expressions for the harmonic integrals 
involving the Fq(N) Hauptmodul for N = 2,3. Using the result 


R.N .j dfir^l = - log(T 2 U 2 ) 


N—l 


r/ N (NT) ?/ N (NU) 


v(t) y{u) 


const, 


(4.45) 


for integrals of the shifted Narain lattice established in |7|, together with eq. ( |4.8| , we obtain 


R.N. 



d l l r 2,2[l\ )°° 


_ /oo(T) /oo(U) 

(/oo(T) - (jco(U) 

+ lo § |/(T) -;'(^)| 4 + const. 


N i 

T log 


4 


24 

N—l 


) 


(4.46) 


and 


R.N. 


f T dj.i F 2/ 2 [?] Oo - j^t) = log |;o(T) -/oo(U)| 4 + 


const, 


(4.47) 


which generalise the SL(2;Z) result ( 2.50[ > first obtained in Q to the Fo(N) integrals. These 
results have been used in |26| to derive the universal behaviour of gauge thresholds in stable 
non-super symmetric heterotic vacua. 


4.4.2 The case s = 1 + n with n > 0 

For integer s = 1 + n > 1, and for small enough n, the Niebur-Poincare series J r n' Vj (1 + 
n, 1,0) becomes almost holomorphic and admits the Fourier series expansion at the cusp oo 

J"i N) (l +n,l,0) = EWm) (4m/) _n (47rmy) q m , (4.48) 

m 

in terms of the associated Laguerre polynomials, where F 0/ „ are the Fourier coefficients of 
J r a ( 1 + n, 1, —2n) at the cusp at infinity, 

F 0 ,„(-l) =r(2n+2)S aoo , 

F o ,„(0) = (27r) 2,!+2 (—1)” Z aoo (0,l;n + 1), (449) 

F„,„(L > 0) = 4tt(- 1)”F(2n + 2) + . 

Similarly to the SL(2; Z) case, the integral maybe expressed in terms of the single-valued 
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poly logarithms of eq. ( 2.52 l. One finds 


1^ (1 + n; o) = -^ J(+) (NT, NLf) 


+ 


2 (- 1 ] 


(n + Jfc)! (ML) n 


n\ 


FaALM) g k[ ^ _ k y ^ nMLT2U2 y 


M> 0 
LGZ 




-LU), 

(4.50) 


where we have defined the 'combined Tq(N) polylogarithms' 


■W/v» _ 


(z) =L (fc) (z)-^TlL w (Nz). 


(4.51) 


The zero mode similarly admits a representation in terms of single-valued polyloga¬ 


rithms, by using ( |2.53[ ) together with the functional relations ( 4.24| in order to express the 
non-holomorphic Eisenstein series E 0 (l + n, 0;z) of To(N) in terms of the SL(2;Z) ones, 
E(1 + n, 0;z) and E(1 + n,0;Nz). 


4.5 Generalised holomorphic prepotentials for Tb(N) 

As in the case of the full modular group, for integer s = 1 + n > 1 one may define generalised 
harmonic and holomorphic prepotentials also for the Tq(N) integral X\; via 


1 N (1 + n; a) = 4 Re 


= 4Re- 


{-DtPuY 

n\ 

{-D t D 


T^U) 


111 


h n {T, U; a), 
fn (T, 17; a). 


(4.52) 


The expression of the integral in terms of iterated derivatives of the prepotential is again 
possible due to the closure property of Niebur-Poincare series under modular differentia¬ 
tion. 

The prepotentials for To(N) can be obtained by an analysis parallel to the SL(2;Z) case 
and one obtains 

h n (T,U>a) = (2n) 2n+1 E a (n + l / -2n;U) + £ J q? F a (\ + n, M, -2n; U ), (4.53) 

M>0 


for the generalised harmonic and 

(— '\) n (27r) 2n+2 2 

/»(r U;«) = \A 2n +2) £ - 2 « (U) + E, (2Mpff! M ' - 2 "' U ) ' I 4 - 54 ) 


for the generalised holomorphic prepotentials. Here, £ - 2 n,a(U) is the To(N) Eichler integral 
of weight —2 n associated to the holomorphic Eisenstein series E 2 n +i,a, attached to the cusp 
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a. Its Fourier expansion about a cusp b reads 


E-2n,a(z)K = £(2/Z + 2) 


7 2n-\-l 


2ni 


— ^ab + ^Zab(0,0;n + 1) + Z Q b(0,M;n + 1) cj 


M 


M>0 


(4.55) 


The To(N) Eichler integral E-2n,a inherits the functional relation properties of the Eisenstein 
series E a (n + 1, —2n; z) and may be expressed in terms of SL(2; Z) Eichler integrals via 


- 111 ,CO 


co = 


N E- 2 n(Nz) ~ E-2n(z) 

]y2)?+2 _ j 


P M N 2n+1 E_ 2 „(z) — E_ 2 „(Nz) 
E - 2 "«°( z ) -- ^(^+2.!) -' ( 4 - 56 ) 


Of course, since holomorphic prepotentials are only defined up to terms in the kernel of 
Re( — DjDu) n , the expression ( |4.54| l for f n (T,U;a) corresponds to a specific choice for the 
polynomial ambiguity Notice that, due to the inhomogeneous transformation of the Eichler 
integral, the action of Uq now relates the holomorphic prepotential f n (T, LI;0) attached to 
the cusp a = 0 to the prepotential f n (T,U; oo) attached to the cusp at oo with an additional 
polynomial dependence in the U variable, so that eq. ( |4.31| becomes 


fn{T,U; o) = fn(T, L7;oo)|cro — oc 


N 2n+1 P S {U) - P S {NU) 
N n ( N 2n + 2 - 1) 


(4.57) 


where Ps (z) is the polynomial transformation of the SL(2; Z) Eichler integral given in ( 3.26| 
and oc is the constant defined in ( |3.17| . 

In terms of the Fourier coefficients F (VI (M) of the Niebur-Poincare series J r a ( 1 + ft, 1, —2ft), 
we may cast the generalised holomorphic prepotential in the alternative representation 


£ t T 1 T. ~\ AT7 T\ I f CjT 

J„\T, u, fl) = N2n+1 f„{NT,NU) + - — -Ll 


22 n 

: (N) 


L 2n +1 


qu 


+ T 2E L F «.n (ME) ^InU^qil) 


M,L> 0 


(4.58) 


+ ^(2ft + 2) Z OO o(0,0;ft + 1) — <5 0 coZ(0,0; ft + 1) 


- 2(1 - N~ 2n ~ l )a2n + l)Z„oo(0, 1; ft + 1) 


where /„(T, U) is the SL(2;Z) prepotential ( |3.21| and, for convenience, we have introduced 
the Tq (N) polylogarithms' 



Lifc(z) 


1 

N* 


U k (z N ). 


(4.59) 


Note that eq. ( |4.58| is cusp-covariant and reduces to the SL(2; Z) prepotential by setting N = 
1 and a = oo, whereby the Kloosterman-Selberg zeta function Zoooo(fl, b;s) simply reduces to 
its SL(2;Z) counterpart, Z(fl, b; s). 

Although the positive frequency modes in T of the generalised holomorphic prepotential 
do transform covariantly as weight —2 n modular forms in the U variable, the zero-frequency 
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mode does not. Clearly, the inhomogeneous polynomial term is completely determined by 
the transformation properties of the Eichler integral E-2n,a(z) under the generators of Fq(N). 
Since it is always possible to decompose the latter into repeated applications of the genera¬ 
tors S and T of the full modular group, one may uniquely fix the polynomial transformation 
of E-2n,a( z ) under any element of fo( N) by using eq. ( |4.56[ ) and the known transformation 
properties of the Eichler integral of SL(2; Z). 

Moreover, the behaviour of the generalised holomorphic prepotentials under cr T ^ u can 
be straightforwardly determined from eq. ( |4.58| > and from the property ( 3.27| of polyloga¬ 
rithms to be 


fn (T, U; a) - f n (U, T; a) = <5 aoo P a {T, U ), (4.60) 

with T and U lying in the fundamental chamber, with real parts in the interval (0,1) and 
with P a {T,U) being the polynomial ( |3.28[ ). 


4.6 Generalised Yukawa couplings for r 0 (N) 

In complete analogy to the SL(2;Z) case, one may compute interactions in the low energy 
J\f = 2 supergravity by acting with suitable derivatives on the Fq (N ) generalised holomor¬ 
phic prepotential. Here we shall restrict our attention to the simplest case of holomorphic 
generalised Yukawa couplings attached to the cusp a 

fn(T, U; a). (4.61) 


Yr 


jQ.n+1 


(T, If; a) = -2 


-2n —1 jj2n+l 


f„{T, U; a) = ( 


The degree 2 n polynomial in the inhomogeneous transformation of f n is again annihilated 
by the derivatives and the Yukawa coupling Y T 2 n+i transforms as a weight 2n + 2 and —2 n 
holomorphic modular form under Fq(N)t and lo(N)u, respectively. In terms of the Fourier 
coefficients F 0/ „(M) of the Niebur-Poincare series +(1 + n, 1, — 2n) expanded around the 
cusp oo, one finds explicitly 

Y T 2 „ + i (T, U; a) = 2~ ln £ qf +(1 + n, M, -2n; U) 

M> 0 

= ^oo Y T 2nn {NT, NU ) + 2^ 2 ” £ M 2n+1 F a , n {ML)K N {q f q L u ), (4 ' 62) 

M> 0 
LG Z 


which generalises the "multi cover" formula for the standard Yukawa couplings Y T 3 to the 
case of freely-acting Z^ orbifolds. To lighten the notation, we have introduced the rational 
function 


Kn{z) 


z 

1 -z 


,N 


1 - z 


N ‘ 


(4.63) 
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From the above expression, one may readily extract the simple pole divergence at qj = flu. 


Yj2n+i(T, li;a) ~ S a 


(2n + l)! flr 


22 ;; 


flu - flr 


(4.64) 


This singularity, together with holomorphy, modularity and eq. 
expression of the Yukawa couplings 


(4.62[l uniquely fixes the 


V (TlT-n\ r,-2n ^2)1+2,00 (T) ^(l + n, 1 , 2 n;U) 

r rM (T,U,a)= 2 - M T)-MU) -' 


(4.65) 


where it is understood that the holomorphic Eisenstein series, the Niebur-Poincare series 
and the Hauptmodul pertain to the Hecke congruence subgroup Fb(N). For N = 1 one 
recovers the SL(2;Z) result ( 3.35 1. Moreover, using the results of [7|, it is straightforward 
to express the generalised Yukawa couplings Y T 2 ,. n(T,U;a) in terms of the holomorphic 
modular forms of J’o(N'). For instance, one gets 


1 [4X 2 (T) — E 4 (T)] [E 6 (tf)-2X(lf)E 4 (U)] 

6 ^ 8 (LT) [/oo(T) - ^(Lf)] 

1 [4X 2 (T) - E 4 (T)] [E 6 (U) + X(U)E 4 (U)] 
24 A 8 (U) \joo(T) - j 0 (U)\ 


for N = 2, and 


Y t 3 (T,U;oo) 


Y t 3 (T,U;0) 


3 [9X 2 (T) — 4E 4 (T)] [9X 2 (lf) — 4E 4 (U)] 

2048 A 6 (U) [/oo(T) -ioo(li)] 

3 [9X 2 (T)-4E 4 (T)] [X 2 (lf) — 4E 4 (U)] 

2048 A(,(U) \joo(T) — jo(U)] 


(4.66) 


(4.67) 


for N = 3. In these expressions E w (z) are the holomorphic Eisenstein series of SL(2;Z), 
A w is the weight-zc cusp form of To(N), and X(z) = Eiiz) — NE 2 (Nz) is the weight-two 
holomorphic modular form of Eq(N) |j7|. 

The generalisation to higher values of k, with ( k,N ) = 1, is also straightforward and may 
be obtained by acting with the Hecke operator on the K = 1 result, 

Y T 2 „ ( , (T, H, k; a) = K~ n H,[ N) ■ Y T 2 „n (T, U; a). (4.68) 
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A Kloosterman-Selberg zeta function 


The classical Kloosterman sums for the modular group SL(2;Z) are defined as 


S(m,n;c ) = Y exp 

dc(Z/cZ)* 


2 ixi , i 

- (ma + na 

c 


(A.l) 


where m,n and c are integers and d 1 denotes the arithmetic inverse of d mod c. Clearly, 
it is symmetric under the exchange of m and n. One defines the Kloosterman-Selberg zeta 
function as in [391 


Z(m,n-,s) = Yj 

c>0 


S(m,n-,c ) 

r 2s 


(A.2) 


In the special case when mn = 0, the Kloosterman-Selberg zeta function reduces to 


Z(0,0;s) 


^25-1) 

C(2s) 


Z(0, iiv,s) 


0-2 s(m) 

C(2s) 


(A.3) 


where a t ( m ) = JYd m ^ is the divisor function. 

For mil ^ 0, it is convenient to introduce the associated Kloosterman-Selberg zeta function 
following [ 6.391 


Z{m,n;s) 



E 

c>o 


S(m,n;c) 

c 


x 


hs—i 

hs-i {^rV-mn) 


if mn > 0 
if mn < 0 


(A.4) 


where I s (z) and J s (z) are the Bessel I and / functions. Note that Z(m,n;s) is related to 
Z(m,n-,s) via [391 


Z(m,n;s) = n(4n 2 \mn\) s 1 E [, r(2s + k) Z ( m ' n ' s + • 


(A.5) 


The Kloosterman zeta functions Z and 2 can also be defined in the case of Hecke con¬ 
gruence subgroups of SL(2;Z). The Kloosterman-Selberg zeta function associated to a pair 
of cusps ab of Tq(N) is defined for Re(s) > 1 by the absolutely convergent sum 


Z ab (m,n;s)= E 

(' rfleLAoaUotNH/r, 


g2i7r(m|+nf) 
r 2s 


(A. 6) 


of 2 x 2 real matrices (" ^ ) in the double coset r oo \c r a 1 To(N)c r ( 1 /E 00 . Here, u n is the scaling 
matrix |[39j associated to the cusp a and Too is the stabiliser of the cusp at oo. 
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Similarly to the SL(2; Z) case, for mn = 0, the Kloosterman-Selberg zeta function may be 
evaluated in terms of the Riemann zeta function. For N prime, one finds 


Zoooo(0, 0;s) 


N- 1 £(25-1) 
N 2s - 1 £(2s) 


and 


Z 0o0 (0,0;s) 


N 2s - ] - 1 £(2 s - 1 ) 

N s ^ 1 (N 2s — 1) £(2 s) ' 


Zooco(0, m;s) 


Zooo(0, m-,s) 


N C7i_ 2s (m/N) - (7l_2s(w) 

(N 2s — 1) £(2s) 

N 23 " 1 Ui_2s(??0 - C7l_2 S (WA0 

N s_1 (N 2s - l)£(2s) 


(A.8) 


where it is understood that <7i_ 2s (m/N) vanishes unless N divides m. 

Similarly, for inn ^ 0 one defines the associated Kloosterman-Selberg zeta function at¬ 
tached to the pair of cusps ab via 


1 „ g2in(m d c +n “) J / 2s -i (-y- \fnm ) if W7H > 0 

2 V / M(» ; )e r»K>r 0 (%/r„ c X \f 2s -i < 0 

(A. 9) 


Notice that the definitions ( A.6| and ( A.9| valid for any positive integer N, include the 
case of the full modular group for N = 1, where one recovers the SL(2; Z) Kloosterman zeta 
functions 


Z cooo (m / n;s)\ N=1 = Z(m,n;s), -Z«>oo(m,n;s)| N=1 = Z(m,n;s). 


(A.10) 


B Modular properties of the Eichler integral 


In this Appendix, following p2| , we explicitly derive the transformation properties of the 
Eichler integral E_ 2 „(z), with even negative weight w = —2n, with respect to the action of 
the modular group SL(2;Z). We recall the definition 


£-2 n(z) 


£(2h + 2) ^ 2n+ i 

2m 


02 n + l) 

2 


+ cr -l-2n(N)(7 N , 

N>0 


and its general transformation property 


(B.l) 


(CZ + d) 2n E-2n 


f az + b\ 
\cz + d) 


£- 2 n(z) +P 7 {z), 


with 



^ E SL(2;Z), (B.2) 
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and Py(z) is a degree 2n polynomial depending on the transformation 7 and satisfies the 
cocycle relation 

PyY = Pj I _2 n y' + Py • ( B -3) 

It is uniquely specified by Pj(z) and Ps{z), with T and S the two generators of the modular 
group. 


T: z—*z + l, S: z—1/z. 

The polynomial Pt(z) can be straightforwardly derived, and reads 


P T (z) = 


U2n+ 2) 

2 m 


(z + 1) 2 " +1 - z 2n+1 


gin+2) + zK 


2m V k 


The identification of Ps (z) is a bit more involved. We have by definition 


Z 2 ”E-2«(-1/z) -E -2 n(z) = Yj C k zk ' 

k =0 


2n 


(B.4) 


(B.5) 


(B. 6 ) 


for some coefficients Q. Note that the simple change of variable z —t — 1/z implies the 
relations 


c fc = (-i) m c : 


•2 n—k 


for k = 0 , 1 ,..., 2n , 


(B.7) 


and, a result, only half of the coefficients are independent. To determine the independent 
coefficients let us consider the case where z = iy, and define the function 

e- 2 n(y) = X] u„i„ 2 n(N)e _27rN!/ 

N>0 

= fU(.» - ^±1 > _ (-!)»/««. 

From eq. (|B. 6 | one finds 


2n+l 

e-2n(y) ~ (-l) n y 2 n e-2n(l/y) = £ A *V k ' 

k =-1 


where 


2l-i — 


g2n + 2) 


Aq = —Co — 


C(2n + 1) 


1 2/r u u 2 

A 2 „ + i = (_i)» +1 ^ (2 ” + 2 ^ A 2 „ = (_l) ^ (2n 2 +1) - (-1) B C 2 „, 


(B. 8 ) 


(B.9) 


(B.10) 


and A m = —i m C m , for m = 1,... ,2n — 1. 

The coefficients A*., and thus the Qt, can then be determined by computing the Mellin 
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transform 


POO 

L*(s)= dyy s - l e- Zn {y). 

Jo 

A straightforward evaluation of the integral yields 
L*(s) = (2n)~ s r(s)as)as + 2n + l). 
Alternatively, using the relation ( B.9) , we can write 

L*(s) = ^ dyy 5 - 1 e_ 2 „(y) + (-1)" ^ dyy 


(B.ll) 


(B.12) 


,2n+s—1 


2»+l 4, 


(B.13) 


By matching the singularities of the two expressions ( B.12) ) and ( B.13) one thus finds the 
following expression for the inhomogeneous contribution 


( 27 t ;) 2 ” +1 " B 2k B 2n _ 2k+2 2k _ x 

Sy> 2 £'(2Jfc)!(2n-2Jfc + 2)! 

that generalises p 2 | to the cases n > 1. 


(B.14) 


Alternatively, the polynomials P 7 could be computed using the method of [421. 
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